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performances of the three estimated DF's are
small enough that selection of the best DPF is

difficult and requires scrutiny.

With proportiomal covariance structure:

Group distance and a_priori probability tend to
have more influence on ARE{Q/P) than the
proportionality, d. This can be verified by the
differences in the plot shapes (see Pigures 12
through 21 in Appendix E).

When p1=p2=0.5 and A2 &, the ARE (Q/P) is a
decreasing function of A (see Figure 13 1in
Appendix E). This finding is in agreement with
the conclusions drawn from the case using the
LCS.

It cﬁn be seen from Figures 12, 13, and 14 in
Appendix E that the region of the largest
ARE{(Q/P) 1is delimited by 25/ <4 This result
suggests that further investigatioa on the
estimated DP should pe made within this regiocn
using finite samples.

The ARE{Q/P) is a decreasing function of 4 if
p1=p2=0.5 and 2SA <4 (see Figure 13 in Appendix
E). This suggests that only a small regiomn, say

d<4, needs to be considered in the study usiag a

finite sample.
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TABLE 8

Asymptotic Relative Efficiency of the QDF to tane PQDF
with the PCS

Prior Probability One

d A 0. 10 0.25 0.50 0.75 0.90
0.5 .508225 .571867 .798082 .571867 .508225
1.0 .615490 .768164  .B30579 .768164 .615490
1.5 .783658  .B854199  .870199 .854199 .783658
2.0 .864807  .896202 .900000 .896202 .864807
2.5 .890594  .907403 .907833 .907403 .890594
5.0 .683945  .725486 _ .7487599  .725u86 _ .683945
0.0___.538912  .560972_ __.576246__ _-560972 __.534912
0.5 1.000000 1.000000 .783208 .667615  .586926
1.0 1.000000 .818808 .846751 .794695 .715274
1.5  .756964  .862577 .872136 .866905 .828028
2.0 .856969  .887213  .896991 .906821 .885975
2.5 .878814  .890189 .903029 .918080 .905021
5.0 .681711  .735168  .773870_ _ .756984 __.705458
0.5 1.000000 1.000000 .746785 .691487 .644969
1.0 1.000000 .797010 .B826425 .819069 .777201
1.5  .716927 .879513 .877042 .883660 .862177
2.0  .874167  .884124  .892792 .915180  .903905
2.5 .875029 .873880 .894710  .922453 .915078
5.0 .658224  .703109  .732135  .735713 _ .594524
0.5 1.000000  .965464  .752068 .733099 .711464
1.0 1.000000 .820834 .772575 .807581 .813060
1.5  .849262 .806168 .B36388  .886485 .895730
2.0 .838417  .850949 .B876968  .923767 .828737
2.5 .866772 .843978  .878587  .925375 .928285
5.0  .639464 __.687172 __.734657__ .735360 _ .69345]
0.5 1.000000  .909161 .757671 .766194 .760396
1.0 1.000000 .B09626 .763591  .807846  .B823465
1.5  .892737 .772309 .801902  .869099  .893592
5.0 .B806032 .796282  .846597  .914591  .933835
5.5  .g22442 .807654  .860248  .921924  .933713
5.0  .626384 .676182  .728723  .733462 _.690789
0.5 1.000000  .830150 .763430 .805125 .821919
1.0 1.000000 .774370 .762195 .821132  .845799
1.5 .g78162 .739432 .777151  .853067  .884228
.0 .775826 .738639 .B805005 .888348  .919382
5.5  _750054  .748771  .824323  .902961 .925925
5.0 .609659  .662050 __.720246  .729382 __.68551%
0.5  .879194  .722075 .768550  .854959  .905137
1.0  .814215 .704191  .763u61  .852265 .897798
1.5  .737613 .686533  .760234  .851502  .B892202
2.0 .680488 .676076 .761353  .852984  .888311
o5 . e47660 -672711  .764590  .851856 . 878084
5.0 .581987 .638026 __.704054  .719353 __.673084
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TABLE 9

Asymptotic Relative Efficiency of the PQDF to the LDF
with the LCS

Prior Probability One

0.10 0.25 0-50

A k= 1 2 1 2 1 2
0.1 .004174 008330 .016843 .033387 .668332 .728098
0.3 .039848 .077911 .168766 .300108 .681552 .734567
0.5 .123691 .227785 .509340 .675200 .707412 .746996
1.0 .658484 .772837 .998196 .876013 .816327 .796020
1.5 .999564 .889306 .951787 .861450 .942285 .850838
2.0 .938577 .864633 .986293 .884725 1.000000 888889
2.5 .964744 .880375 .992060 .904400 .941852 .898476
5.0 .491139 .715658 .389739 677401 .344725 .662364
10.0 .091960 .219917 .D86050 248464 .082803 .264631

3.4 Comparisons through Honte Carlo Simulation

3.8.1 Selection of Experimental Variables

The Monte Carlo simulation technique was applied to the
finite sample investigation. The values of the parameters
for the simulation study were selected using the analytic
results and eight pilot rumns. The asymptotic results
suggest that the region delimited by 2SA < and d<4 should
be investigated under small sample condition. The pilot
runs vere made using A=2,4 and d=4 as the values of the
parameters. While the training sample size was 30, four
different combinatiouns of evaluation sample size
(N=500,1000) and experiment replication {r=200,100) were
used. It was found that N=500 and r=200 give the smallest

standard error of estimate.
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The CPU time of each simulation run with k=2 took
approximately eight minutes on the ITEL AS/6 computer. For
k=4, it took almost sixteen w®minutes. Thus, higher
dimensions will require more CPU time for each run. The
required CPU time can be approximated by CPU=0. 15r+0.0045N
vhen k=2.

The covariance structure used in the simulation study
vas parameterized to generate either the LCS, PQCS or the
QCS. A matrix, Sk, was constructed to generate these three

covariance structures. The Sk matrix is givem by :

- k-k 1 -

(— /) i

1+s k-1 2 .

{(—) 0
2

(3.33) Sk= - 4

- ]

) k-2 1 1

(— -=/)
1+s k-1 2
(—)
2
k-1 1 |
(— -/)
1+s k-1 2 |
0 (—)

! 2 Sy

vhere s is a skevness parasaeter.

The covariance matrix of the second population is then

obtained from the following egquation:

(3.34) v= sk d4I sk,
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wvhere I is a k X k identity matrix. The mean vector of
population 1 was assumed to have egual elements for all
experiments.

The flowchart of the computer simulation procedure is
provided in Appendix F. The parameter values used were
k=2,4, n=15, 30, A=1,4, 4=1,2,4, and s=1,2,3. The
evaluation sample size and the experiment replication were
500 and 200, respectively. The assumptions of equal samnple

size and equal a_priori probabilities were made here so as

to reduce the number of experimental combinations.

3.4.2 Generalized Likelihood Ratio Test of Proportionality

Based on the training saaple, tvo generalized
likelihood ratio tests were conducted. A p-value for each
test was recorded. The generalized 1likelihood test is
defined below.

To test

HO: V1=¥2 (LCS)

Hi: Vi=(174)V2 (PCS)
and

HO

(2]

V1= {1/4)V2 (PCS)

i1

Vi# (1/d)V2 (QCS),

the test statistics are respectively as follows:

(3.35) t(L/P)= -2 log A (L/P)

and
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(3-36) t(P/Q)= -2 log X (B/Q),

wvhere
L(X1,X2,S)
A(L/P) = —
L(xllxglsid)
and
- - [ Y
L(x1,x2,s,4)
AB/Q) = —— ’
L(xi1,x2,s1,s2)

and where L(il,ig,S), L(il,ig,s,a), and L(ig,ig,sl,sg) are
defined by Equations (D.5), (D.11), and {D.16) in Appendix
D, respectively.

For the first test, the test statistic t(L/P) has a
chi-square distribution with one degree of freedonm. The
test statistic t{P/Q), however, has a chi-square
distribution with kx{k+1)/2 -1 degrees of freedon. The two
p-values were found to have poor correlation with the error

rates {less than 0.3).

3.4.3 Delimitation of the Dominant Regioans

The estimated expected error rates resulting from each
sinulation run are provided in Appendix G. The variables
shown in these tables should be interpreted as follows:

MEAN = Estimated expected value of the error rate,

STDERR Standard error of estimate,

"

APPERL = Apparent error rate of the LDF,

APPERP = Apparent error rate of the PQDF,



APPEKQ
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Apparent error rate of the QDP,

ACTERL = Estimated actual error rate of the LDF,

ACTERP

Estimated actual error rate of the PQDF,

ACTERQ = Estimated actual error rate of the QDF,

P(L/P) = The p-value obtained from the GLR test for

P(P/Q)

LCS vs. PCS,

The p-value obtained from the GLR test for

PCS vs. QCS,

DELTAH = Computed group distance,

ALPHAH

Estimate of coefficient of proportionality,

d.

It can be seen from Appendix G that:

(M

(2)

(3)

Wwhen d=1, the LDF.is the best DF except one case
where k=4, n=30, skewness=3, and A =1 wvhere the
QDF is the best. This means that the QDF will
outperform the LDF and the PQDF vwhem the group
distance is small, the skewness is high, and the
sample size is large relative to the number of
variables.

When d4=2, A=4, and n=15, the LDF is nmore
efficient than the QDF. This implies that the LDF
will outperform the QDF if the sample size is
small and the group distance is large, even when
the population covariances are unegual.

If d#1 and skewness<2, the PQDF is the best DF

except vhen k=2, 2=30, A=1, and 4=2,4 where QODF



(4)

(5)

{(6)
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is best. This indicates that the QDF will
outperform the PQDF with sufficiently large sazple
and small group distance.

Wwhen k=4 and d#1, the PQDF is the best DF among
the three. This verifies the belief that high
dimensionality will increase the efficieacy of the
PODF relative to the LDF and the QDF. However, if
k=2, skewness=3, and d#1, the QDF is the best ©LF
except vhen n=15, A =4, and d=2 vhere the LDF is
the best. This suggests that when the sample size
and the coefficient of proportionality are small
but the group distance is 1large, the LDF may
outperform the PQDF and the QDPF even if the
population <covariances are nonproportional and
highly skewed.

If d#1, the PQDF outperforms the LDF except when
k=2, A=4, n=15, skewness=3, and d=2 where the LDF
is the best DF. This indicates that with small k
and n, but large A, the LDF nay outperforé the
PQDF and the QDF even if the population
covariances are unegual and nonproportional.

The PQDF is the dominant DF when k=4 and d#1.
This finding suggests that the PQDF should be the
chosen rule if the dimensionality is not small

relative to the sample size, and the populaticn

covariances are unequal.
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The number of times that either the LDF, the PQDF, or
the QDF outperformed the others during 200 replications was
recorded and tabulated in Table 10. It was found that the
dominant regions are similar to those delimited apove except
that (1) when k=2, n=15, A=1, d=4, and skewness=1,3, the
dominant DF is the QDF, and (2) when k=2, n=15, A=4, d=2,
and skewness=2,3, the dominant DF is the LDF.

According to the estimated expected actual error rates
provided in Appendix G, the relations of these error rates
to an increasing population parameter cam be summarized as

follows:

{1) The rate of change of the estimated expected error
rates resulting from the cha;ge of A 1is much higher than
those from the changes of k, n, 4d, and the skewness
parameter, s, in all cases examined.

(2) The actual error rates of all these tharee DF's are
decreasing with n or A in all cases examined.

(3) The ACTERL is increasing with k in all cases, and
(i) decreasing with 4 if k=2, except the cases where A =1,
s=3, and A=4, 1a=15, s=3, (i1) increasing with 4@ in all
cases if k=d.

(4) The ACTERP is {1i) decreasing with k if A =1 and
d#1, (ii) dincreasing with k in all cases if d=1, or if s=1,
A=4, and n=15, (iii) increasing with k if s=1, A=4, and
n=30, except one case where d=4, (iv) decreasing with d

except one case where k=2, n=30, A=4, and s=3.
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TABLE 10

Occurrence of Best Discriminant Function during 200 Runs

1 2 4
Skewness
k A n Best 1 2 3 1 2 3 1 2 3
LDF 131 110 81* 41 36 16 2 0 1
15 PCDF 48 52 44 113 95 69 146 116 70
ODF 21 38 75 46 69 115 52 84 129
1 - S T S = . — Y - S AU S > G G W W W i S S A A U A T D G AW D S A S S S S . Y S S . -
LDF 120 98 78 30 16 6 0 0 0
30 PQDF 49 58 36 115 79 53 147 94 56
ODF 31 44 86 55 105 141 53 106 141
2 D S D R D S Y D Y " D A W D W S S W W " — S — ——— -
LDF 136 125 117 81 89 179 34 22 37
15 PCDF 39 49 32 83 76 77 121 126 97
ODF 25 26 51 36 35 44 45 52 66
i‘ D —— - S — < - S S5 P i D GED W D W W IR W G M D A G S T W A A D S w—
LDF 117 116 120 58 58 68 18 15 11
30 PCDF 45 44 37 104 104 78 138 131 113
QDF 38 40 43 38 38 5Su 44 54 76
LDF 125 127 92 7 4 8 0 0 0
15 PCDF 63 54 45 180 162 132 193 180 161
QDF 12 19 63 13 34 60 7 20 39
1 ....................................................
LDF 131 108 69 1 2 1 0 0 0
30 PQDF 58 58 23 181 164 104 186 149 120
ODF 11 34 108 18 38 95 14 51 80
Q - e — —— — - - — — —— - ——— ——— A P D W D A - . — —— D S i YD W AP W P R - T - - —— . -
LDF 139 128 135 63 56 63 27 25 27
15 PQDF 33 50 33 114 122 104 143 132 136
QDF 28 22 32 23 22 33 30 43 37
f ————mmmmmee = e e e e e e o e e o e e
LDF 125 121 107 44 45 52 7 7
30 PQODF 46 47 41 120 113 101 154 142 133

QDF 29 32 52 36 42 47 39 49 60

* The number underscored indicates the best discriminant
function among the three within each cell.




examined,

(5)

(11)

The ACTERQ is decreasing

but (i) 4increasing

increasing with k if A =4,

n=30, d=4, and s+#1l.

(6)

The relations of these three error

shown in Table 11, are complicated.

except two cases

A=1, the ACTERQ is decreasing with s.

TABLE 11

with 4 ia

with k if d4=1

However,

all
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cases

in all cases,

Yhere
rates to s,
with d=4% and

The Relation of the Estimated Expected Actual' Error Rates

to the Skewnes

S

e —————— o ——————————— SO R L |
l d ] d i d |

1 | § l

n | 1 2 L | 1 2 4 | 1 2 4 |

P ———————— T e bt ————————— i

15 ] A \'f + | A - - i - - - }
30 | v + + i Vv A - ] - - - 4
—————— $mmm—— e e, e e pr—— e ——————— |
15 | + A A | + A v | A A v |
30 ) A A - ] A + + ] A A A i
P ——————————— P ——— e c———— e ]

15 ] A + v ] A A A ] - - - ]
30 | a A F:\ | A A + | - - - i
----- —pm——— e ————————d————————- - ————f e ————————— = ]
15 ] - A A | v ' + i A \'/ + i
30 | + Vv - | + + + | A - v |

the ACTERR is increasing with increasing skewness
the ACTEBR is decreasing with increasing skewness
the ACTERR goes up and then down with skewness
the ACTERR goes down and then up with skewness
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3.4.4 Relative Efficiency with Pinite Sample Sizes

The relative efficiency of the PQDF to the LDF and QDF
is defined as the ratio of the deviations of the expected
actual error rates from the optimal error rate. Therefore,
the relative efficiencies of the PQDF to the LDF and the QDF

are defined, respectively, by:

E{ACTERL) - OPTERR

(3.37) RE(P/L)
E (ACTERP) - OPTERR

and

E(ACTERQ) - OPTERR
(3.38) RE{P/Q)

E (ACTERP) - OPTERR.

Since the expected actual error rates and the optimal
error rate are not available here, their estimates presented
in Appendix G vere used to compare the relative efficiency
{(RE) cof the PQDP to the LDF and QDF. The resulting
estimated RE's are given in Table 12. Plots of estimated RE
with skewness=1,3 are shown by Figures 22 tarough 37 1in
Appendix E. Notice that in these figures, "49” denotes a
value of 1 for @, "x" a value of 2, and "*" a value of 4.
The dominant regions delimited by these two RE's are
identical to those delimited by the estimated expected
actual error rates discussed in Section 3.4.3. The
relations of the RE{P/L) and the BRE{(P/Q) to an increasing
population parameter are exhibited by Tables 13 through 17.

It can be seen from Table 12 that:
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TABLE 12

The Relative Efficiency of the PQDF to the LDF and the QDF
with Finite Sample Sizes

- D D D S D D G D D D D D D D D A S VI N G D D G D D R A D S S G S S G D G - e S G D S SIS G SED SR D S W S

1 2 4
Skewness
k A n R.E. 1 2 3 1 2 3 1 2 3

15 (P/L) 0.68 0.71 0.69 1.54 1.62 1.66 3.86 3.55 3.22
(PrQ) l.44 1.24 0.9% 1.32 1.15 0.89 1.39 1.13 0.87

1 D D R D WD GED DR WED VD TERED QD G SED R SR S D SR WD S S G S e D TS WD A G D D A i S A S G G A S W D D CER WD S A S W .
30 (p/L) 0.66 0.77 0.79 2.72 2.36 2.01 7.56 6.04 4.50
(P/Q) 1.59 1.33 0.79 1.43 0.95 0.65 1.37 0.94 (.62

D e e e
15 (P/L) 0.56 0.66 0.77 1.26 1.17 0.95 3.20 3.33 2.14
{(Pro) 1.31 1.27 1.11 1.32 1.22 1.11 1.41 1.32 0.99

} m—mmrrrr s r e r e c e e r e e e, e — - - — - ————
30 (/L) 0.83 0.88 0.72 2.36 1.66 1.15 6.54 U4.56 3.93
{(p/Q) 1.20 1.33 1.09 - 1.51 1.10 0.86 1.29 1.12 0.88

15 (P/L) 0.89 0.87 0.91 1.98 1.86 1.74 4.271 3.79 3.53
(Ps/Q) 1.70 1.42 1.09 1.82 1.50 1.30 1.93 1.68 1.47

I e et e St
30 {p/L) 0.80 0.50 0.90 3.60 2.74 2.32 B8.68 6.85 5.98
{P/Q) 2.02 1.35 0.85 2.15 1.52 1.03 1.96 1.47 1.18

] e e e m e e ————— o = = o e e
15 (P/L) 0.80 0.87 0.82 1.31 1.41 1.25 2.95 2.55 2.26

(P/Q) 1.77 2.01 1.63 1.84 1.81 1.68 2.01 1.75 1.65

f —mmm—e e ———————— e —— —————_——— —— = ———— —— e ——— — —
30 (P/L) 0.92 0.93 0.88 2.19 1.95 1.74 6.88 5.22 4.92
(?/Q) 1.71 1.62 1.17 1.60 1.44 1248 1.94 1.50 1.33

(1) When d=1, the RE(P/L) 1is 1less than one in every

case examined. If skewness=1, the RE{P/Q) 1is greater than

one in every case. Both the RE(P/L) and the RE{P/Q) are
greater than one in every case if k=4 and d#1.
{2) When skewness=1 and other parameters being fixed,

the RE(P/L) is (i) increasing with 4 im all cases examined,
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(i) increasing with n if A#1, (iii) decreasing with A
if n=15, and (iv) increasing with X except two cases where
n=15, d4=4, A=4 and n=30, d=2, A=4. The RE(P/Q) |is
(i) 1increasing with k in all cases examined,
(1i) 1increasing with A if n=15 and k#2, (iii) decreasing
with A if n=30, except one case vhere k=2 and =2,
(iv) iuncreasing with n if A =1, except one case where k=2
and d=4, (v) decreasing with n if A =4, except one case
where k=2 and d4=2, and (vi) increasing with d if n=15,
except one case where k=2 and A =1.

(3) When skewness=2 and other parameters being fixed,
the RE (P/L) is (i) increasing with either 4 or n in all
cases examined, (Li) increasing with k except the case
vhere n=15, A =4, and d=4, and (iii) decreasing with A if
d#1. The RE (P/Q) is (i) increasing with X in all cases
examined, (ii) 4increasing with A except the case where
n=30, k=4, and d=2, (iii) decreasing with d4 if k=2 and
A=1, and (iv) decreasing with n except three cases where
k=4, A=1, d=2 and k=2, A=1,4, d=1.

(4) When skewness=3 and other parameters being fixed,
the RE{P/L) is (i) increasing with either k or 4 in all
cases examined, {ii) increasing with 1n if d#1, and
(iii) decreasing. with A except the case where n=15, k=2,
and d=1. The RE(P/Q) is (i) increasing with either k or A
and decreasing with n, in all cases examined,
(ii) increasing with 4 if k=4, A#4%, and 1#15, and

(iii) decreasing with d if k=2, n#30, and A #4.
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The relations of the two RE's to the population

parameters can be summarized as follows:

(1) The RE{P/L) is, most often, increasing with the
number of variables, k, if the group distance is not large
relative to the covariance structure. The RE (P/Q) is

increasing with kX in all cases examinead. (See Table 13)

TABLE 13

The Relation of the Finite Sample Relative Efficiency
to the Number of Variables

r—-—-—---‘ D S S T A . . — e S D S A S D SR S D G T G S G A D G G A D GNP SEE W U I S D A

1
} } Proportionality d |
] Relation | 1 2 4 )
e e it
: of* | Skewness |
§ ] A n 1 2 3 1 2 3 1 2 3]
= e e e e e e e e e !
] ] v 15 + + + + + + + + + |
|} RE(P/L) } 30 + + + + + + + + + i
i | = e e e
| to k ] 4 15 + + + + + + - - + )
i { 30 + + + - + + + + + ]
J=mm———mm ety !
i ] 1 15 + + + + + + + + + |
| RE(P/Q) { 30 + + + + + + + + + :
} to k : 4 15 + + + + + + + + + |
} 1 30 + + + + + + + + +

L- A D I S SN W D W WD S WD W AR SR AR S WED AN W S S P W A Y G AN G DGR T S A D e G SR S I G - i~ — - —---------.‘

¥ "#" denotes that the RE is increasing with @ncreas@ng k
"-n Jenotes that the RE is decreasing with increasing k

(2) The RE(P/L) is, 1in general, decreasing ¥ith the
group distance, A, if the covariance structure is unegual
and/or proportional. The RE{P/Q) is increasing with the
group distance if the sample size is not large relative to

the number of variables. {(See Table 14)
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TABLE 114

The Relation of the Finite Sample Relative Efficiency
to the Group Distaace

A . D A D W - S S A W A P S i W G S S G G CED S A S LA G e G e D b . T SR A W D MED e D S M W
-— e -

r
!

| Relation | 1 2 4 J
] | === T T T T T T T T ST TS TS s s e e e

i of* | Skewvwness :
J | k n 1 2 3 1 2 3 1 2 3 1
j=========- it !
{ | 2 15 - - + - - - - - -
| RE(P/L) | 30 0+ 0+ - - - - - - =
| | === T s T T T ST T T T TS T T T

| to A 1 & 15 - + - - - - - - - :
] I 30 + + = - - - - - =1
|=======—== P e T T T S T ST TS TS ST e ===
] { 2 15 - + + + + + + + + |
| RE(B\Q) | 30 - -+ R -+ 4y
l | T s ST ST ST T T T T S ST T TS T T T T

| to A | 4 15 + + + + + + + + + ;
i ] 30 - + + - - + - + +
lem e e e c— e — e m - ————————————————— = m—— == = =]
*

"s+n denotes that the RE is increasing with increasing A
n-n denotes that the RE is decreasing with increasing A

(3) The RE(P/L) is increasing with the sample size, n,
if the coefficient of proportionality is close to unity.
The RE{P/Q) is decreasing with the sample size if the
covariance structure is nonproportional and highly skewed.

{(See Table 15)
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TABLE 15

The Relation of the Finite Sample Relative Efficiency
to the Sample Size

r
} _ ] Proportionality d ;
] Relation | 1 2 4 }
| |==— e e

} ofx | Skewness i
| ] X A 1 2 3 1 2 3 1 2 3}
j=—m————— MOttt bt B it |
} | 2 1 - + + + + + + + + ]
| RE(P/L) ] 4 + + - + + + + + + ]
| | === e e e -

| to n ] 4 1 - + - + + + + + + :
] ] 4 + + » + + + + + + |
e ittt ettt |
| ] 2 1 + + - + - - - - - |
i RE(P/Q) 1 4 - + - + - - - - -1
| | === s s s s e e

] ton | 4 1 + - - + o+ - +t - - ;
1 | 6 - - - - - === =]

* n4n denotes that the RE is increasing with iacreasing n
"-1" denotes that the RE is decreasing with increasing n

(4) The BRE{P/L) is increasing with the coefficient of
proportionality, d, in all cases examined. The relationship
between the RE(P/Q) and 4 1is vague. However, when the
covariance structure is highly skewed, the RE(P/Q) seems to
be decreasing (increasing) with d if the number of variables
is small (large). (See Table 16)

{(5) The RE(P/L) is decreasing with the skewness, s, if
d is not near one andsor the sample size is pot small
relative to the number of variables. The RE(P/Q) is
decreasing with s if the group distaace is not large

relative to the covariance structure. (See Table 17)
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However, the combined effects of kX, A, n, 4, and s are

complex and interrelated. A simple conclusion about these

effects cannot be dravan.

TABLE 16

The Relation of the Finite Sample Relative Efficiency
to the Coefficient of Proportiomality

3
| Relation ] Skewness |
| | !
] of* 1 k A n 1 2 3 ]
| Bttt abetedeiedeteebeint b S intnintatetb etk bbbt abeletaiadet et bt
| { 1 15 + + + |
) i 30 + + + ]
i I 2 e e e — e —— ===
| ] 4 15 + + + !
i | 30 + + + i
| RE(P/L) to d {-=-———————-———c-—-—-- - —scm——s——————— - |
i ] 1 15 + + + i
H | 30 + + + I
] ] 4 s s s s sses s s |
! 1 4 15 + + + i
| ] 30 + + + i
jom——m—mm e e e m s s mm e ms s —m s — s ———m e |
] i 1 15 \') - - i
! ] 30 - - - 1
| ] 2 2 =mmmmemm—es———ms oo —sos—sssss !
| ] 4 15 + v - i
] ] 30 A y v :
RE (P £o @ |-—-=-=m==——mme—— s e—m—e————————-——e———————-
: (F/0) | 1 15 + + + i
| i 30 A A + |
{ ] U ————— e m e — e — e —m e ————— e —=—]
] ] 4 15 + - A ]
] l 30 v v + i
i o o o e e e A — " = > S S T — ——— = 2% S e J

* nen Jenotes that the RE is increasing with increasing d
n-n denotes that the RE is decreasing with increasing d
"A" Jenotes that the BE goes up and then down with d
nyn 3denotes that the BRE goes down and then up with d
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TABLE 17

The Relation of the Finite Sample Relative Efficiency
to the Skewness

F 1
i Relation | Proportionality d ]
] | i
] of* I k A 1 2 4 ]
et it |
| ] 1 15 A + - |
| i 30 + - - i
| i 2 D ettt |
] ] 4 15 + - A l
| ! 30 A - - 1
| RE{P/L) t0 § |-—————————m e e ]
i | 1 15 v - - {
} ] 30 + - - }
i ! 4 e kbbbt bttt |
| i 4 15 A A - |
{ ! 30 A - - i
|=————mmmm P e e S eSS e eSS Sm eSS TS ]
| | 1 15 - - - {
i ] 30 - - - {
| oo —sosTs s ——————=——se-= i
] ] 4 15 - - - |
| | 30 A - - i
{ RE(P/Q) tO0 § |===—===———————=-s—————-—-—o-oosssss———oses |
| | 1 15 - - - !
] { 30 - - - }
! | 4 e g |
] ] 4 15 A - - ]
i | 30 - - - ]
L

b 3

wsn denotes that the RE is increasing with increas@ng s
n-n Jenotes that the RE is decreasing with increasing s
na% denotes that the RE goes up and then down u%th S
wyn jenotes that the RE goes down and then up with s

3.5 Assumptions and Limitations

Assumptions are necessary in research to reduce the
complexity of the probleas encountered and thus enable the
research to be carried out. Limitations are always incurred

by those assumptions which, in turn, cause a loss of

generality.
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The main assumptions upon which this reseacrch rests are

listed below under three categories.

(1)
(1)

(i1)

(2)
(1)

(i1)

{1ii)

(3)
(1)

(ii)

(iii)

(iv)

Initial assumptionms:

There are only two populations from which the
observed sample vectors coae.
The costs of misclassification are all egqual to

one, i.e., C(1}2)=C{2] 1) =1.

Distributional assumptioas:

The distributions of the two populations are
multivariate normal.

The a_priori probabilities, p1 and p2, are known
and equal in the simulation study, i.e.,
pl=p2=1/2. -

The mean vector of population one contains egual

elements in the simulation study.

Sampling assuaptioas:

The sample vectors are independent, identically
distributed, and conditional on the population.
The sample sizes are egual, i.e., nl=n2.

It is known fror which population a sample
vector comes, i.e., every sample vector 1is
initially correctly classified.

There are no missing values within any observed

sample vector.

The limitations of this study are stated as follows:
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(1) The aforementioned assumptions are made for the
sake of research tractability. The two initial assumptions

and the assumptions of equal a_priori probabilities and

equal-element mean vector can bDe Telaxed with 1little
additional effort required to demonstrate the applicability
of this study. However, the violation of the other
assumptions may cause the modification of the proposed study
to be an arduous and elusive work.

{2) The performance of a discriminant function depends
on the values of the underlyiny parameters, thus the regions
dominated by the PQDF in the parameter space depend on the
points or intervals of the parameters. In the simulaticn
study, the parameters under consideration are: the number of
variables k, the Mahalanobis's distance between the two mean
vectors A, the training sample size n (ni=n2=n), the
coefficient of proportionality d, and the skewness of the
second population covariance. Other parameters, such as

a_priori probability pi (i1=1,2), the ratio of the

misclassification costs C{112)/C(2}1), etc., which may have
some effects on the performance of the discriminant
functions under study are assumed constant. The effects of
these latter parameters remain uaknown throughout the entire
research.

(3) The boundaries of the regions dominated
differently by the LDF, QDF and the PQODF were found to be

ambiguous. Many researchers have made every effort to find
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clear-cut boundaries for regions of the LDF and QDF without
any success. This drawback, which may be attributed to the

increased complexity of the combined parameter effects,

cannot be rectified by this research.



Chapter 1V

AN APPLICATION

In order to demonstrate the applicability of this
research, an analysis of the pre-admission and acadenmic
achievement data of the medical doctoral program at Texas
Tech University Health Sciences Center was conducted.

The data provided in Appendix H contains 130 sasmple
points of medical studenté who will graduate in 1982 and
1983. Each sample observation was characterized by five
numerical measurements: BCPM, OTHER, MCATBIO, MCATAVGV and

CUMAVGE. These five variables are defined as follows:

BCPHM = Weighted average of the course grades of
Biology, Chemistry, Physics, and
Mathematics,

weighted average of all the course grades

OTHER
other than the BCPHM,

MCATBIO = Score of the Biology section in the Medical
College Admission Test (HCAT),

MCATALVG = Average score of all the section tests in
the MCAT,

CUMAVG = Cumulative grade poiat average of the
student's first four semesters at Texas

Tech University Health Sciences Center.

121
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The objective of the following analysis is to develop
the best discriminaant function (DF) so as to classify these
students into two groups: high-performance and
low-performance. This estimated DF can then be used as the
future admission criterion.

The performance of each student was measured by the
CUMAVG. The cutoff point was set to be CUMAVG=81.78 so as
to divide students into two groups of equal sample sizes.
Students who have CUMAVG<81.78 were assigned to group 1,
otherwise, to group 2. Three discriminant functions, the
LDF, PQDF, and the QDF, were then derived using the

variables BCPM, OTHER, MCATBIO, and MCATAVG. The a priori

probabilities were assumed to be equal. Both the apparent
error rates and the almost unbiased estimate of expected
actual error rates given by the U-method were calculated.
Some resulting statistics of this analysis are presented in
Table 18.

Without knowing the resulting error rates, one might
foresee the performance of the three DF's by examining
Tables 10 and 12, and Figures 22 through 37. In this case,
the number of variables and the training sample size are
large, the computed distance is small, and the estimated
coefficient of proportiomality is less thaa one. Since it
is invariant in terms of error rates to treat d as d-!, the
estimated d can pe set to (0.700073)-1=1.4284 here. It can

be seen from Table 10 that the PQDF, under these conditions,
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TABLE 18

An Application of the Three Discriminant Functions
To Medical School Data (Four-variate)

o T T T TTTT T
1 % Error Rates { Other Statistics |

———— e e — e ———————]
] DF | Apparent § Error Rate |JD=DELTAH = 0.524671]
| JError Rate|from U-method|,. !
==t t-————e——e———-1d=ALPHAH = 0.700073]
JLDF | .384615 | .415385 } i
jm——t—————————- e bt b {P(L/P) = 0.005850 |
{PQDF] .361538 | .392308 | |
j~———t e —————— tm——————————— {P{(P/Q) = 0.194534 |
JODF | .384615 | .446154 ) ]
fr e e e i e - s > = - ——— > = s S o e o e o ]

outperforrs the LDF and the QDF in at least 52% (104/200) of
the cases studied when d>1. Further, referring to Table 12
and Figures 24, 28, 32, ai& 36, it can be found that the
PQDF has, in general, RE(P/L)>1.0 and RE (P/Q)>1.0 regardless
the skevness.

The computed error rates showed that the PODF 1is the
best DF since it gives the lowest apparent error rate and
estimated expected actual error. This finding 1is in
agreement with the previous prediction. Ta2 conclusions
drawn from the GLR tests also indicate that the PCS 1is the
domipnant covariance structure. However, the p-values of the
GLR tests for LCS vs. PCS and PCS vs. QCS were found to be
unreliaple measures of the degree of proportionality im the
simulation study. Thus, based upon only the two p-values,

it cannot be absolutely certain that the  PQODF will

outperform the others. However, these GLR tests show that
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the covariance structure is not the LCS but thas PCS and thus
they improve the accuracy of the above prediction.
Furthermore, the two most significant variables, BCPM
and MCATBIO, vere retained based upon the P-criterion {(Dixon
1970, 1975, Nie, et al. 1975). A discriminant analysis
using these tvo variables was then performed. It was found
that the estimated PQDF remains the best estimated DF among
the three according to the computed error rates exhibited in

Table 19.

TABLE 19

An Application of the Three Discriminant FPunctions
To Medical School Data (Two-variate)

3
{ ] Error Ratesx | Other Statistics |
H I--—-——— e b - -
} DF | Apparent | Error Rate |D=DELTAH = 0.471526]}
b JError Ratelfrom U-methodj. |
|————#-mm—m—— e - ——————eee—e--|d=ALPHAH = 0.835062]
JLDF | .376923 | 4392308 H ]
| —==——#—— e eee—e—$mm———c—————=——|P(L/P) = 0.304811 |
{PODF| .346154 | .361538 } 1
===t em === (P {P/Q) = 0.913599 j
JQDF | .366231 1 .407692 | |
L e e e o e e e s e e o ———— — — ——————— J

* Only BCPM and MCATIBIO were used as the
discriminating variables

The conclusion of this amalysis is that the PQDP is the
best discriminant function for this particular data set in
terms of the error rate given by the U-aethod. This

demonstration also shows the usefulness of tae guidelines
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provided by this research for Predicting the best

discriminant function.



Chapter Vv

SUMBMARY, CONCLUSIONS, AND RECOBMENDATIONS

5.1 Summary and Conclusioas

The purpose of this research is to examine the
proportional quadratic discriminant function (PQDF) and to
compare its performance with those of the linear
discriminant function (LDF) and the gquadratic discriainant
function (QDF). The belief was verified that high
dimensionality will increase the efficiency of the P(UDF over
the QDF and enable it to outperform the LDF and the QDF when
the population parameters must be estimated.

The design of this research was divided into two parts:
the analytic method and the simulation stuady. The amalytic
method used tke ma Ximum likelihood procedure and
Newton—-Raphson method to estimate d. The asymptotic error
rates (AERR) of the estimated LDF, QDF, and PQDF were
calculated in two-variate linmear or proportional covariance
structures (LCS or PCS). Then, the performances of the
estimated PQDF relative to the estimated LDF and (QDF were

compared using the asymptotic relative efficiency (ARE). It

was shown that:
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(2)

(3)

(4)

(3

(6)
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For the LCS, the ARE({P/L) and ARE {Q/P) are

decreasing functions of the group distance (A)
for A 24 (see Figures 8 through 11 in Appendix E).
For the PCS, the ARE(Q/P) is a decreasing function
of A 1if pi=p2=0.5 and A2 4 (see Pigure 13 in
Appendix E).

The regions of the 1largest ARE{P/L) and ARE (Q/P)
are all delimited by 2< A< 4 for both covariance
structures.

The ARE(P/L) and the ARE{Q/P) are always less than
one for both structures.

For equal a priori probabilities and 2$A <4, the

ARE (Q/P) with the PCS is a decreasing function of
d.
When k=1 and A =2, the ARE{(P/L) and ARE(Q/P) is

1. 0.

The simulation study used k=2,4, nl1=n2=15,30, A=1,4,

d=1,2,4, and skewness=1,2,3 as the values of the parameters.

Estimated actual error rates (ACTERR) were computed using

500 sample observations. Expected values of estimated

ACTERR

vere calculated using the average of 200

replications. Two generalized likelihood ratio tests (LCS

vs. PCS, and PCS vs. QCS) were conducted so as to obtain the

p-value for both tests. The PQDF was found to outperform

both the LDF and the QDF, according to Table 12, vwhen k=4

and d#1.

This finding suggests that the PQDF is superior to
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the QDF if the number of discriminating variables to be used
is not small relative to the sample size. However, the LDF
performed better than the PQDF in all cases when d=1. This
result suggests that if the estimated coefficient of

proportionality is near one, the LDP should be used rather

than the PQDF.

5.2 Recommendations

This research has investigated the properties and
performance of the PQDF relative to the LDF and the QDF.
The estimated PQDF was found to be a very useful DF since it
outperforms the estimated QDF with finite sample sizes under
Brany circuastances. -

In practice, the population parameters are usually
gonknown and thus anrn estimated DP must be used. The findings
aforementioned suggest that the PQDF should be considered as
an alternmative to the QDF when the population dispersions
are fouid to be unegual.

Finally, the recomnmendations from this research are
stated as follows:

(1) With high dimensionality, the difference in the
performance of the PQDF and the QDF will be substantial if
the training sample size 1is small. Unless the training
sample is sufficiently large, the PQDF should wusually ke
chosen when the population dispersions are unegual and the

number of variables is large {k2%4).
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(2) 1Increasing the training sample size or the group
distance improves the performance of any one of the three
discriminant functions discussed in this research. The
relative efficieacy of the PODF to the LDF and the QLF
relative to the PQDF will increase {decrease) along with
increasing samgle size (group distance) when the covariance
structure is nonproportional and highly skewed. In other
words, the performance of the PQDF (QDF) improves faster
than that of the LDF (PQDF) with the sample size but slower
with the group distance. The rates of change of an
estimated DF's performance relative to the training sample
size and the group distance should be investigated.

(3) It is recommended -to practitioners that a method
that gives an unbiased estimate of the expected actual error
rate such as the U method should always be used. In this
research, it was found that the QDF often gives a lower
expected apparent error rate than the LDF and the PQDF since
the apparent error rate is a biased estimate. This means
that the QDF often fits the sample data better than the LDF
and PQDF.

{8) Simple conclusions cannot be drawn about the
relationship between the relative efficiency of the PQDF to
the ODF and the coefficient of proportionality d. This
fiading confirms the result of the generalized likelihood
ratio test which showed that the p-value of the test of the

PCS vs. the QCS is not a good indicator of the relative
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efficiency. Thus, the relation of the p-value to the
covariance structure (d and skewness) should be further
explored. Nevertheless, this research provides useful

guidelines for practitioners in selecting the best estimated
DF according to the number of variables, the traianiang sample

size, the group distance, and the covariance structure.
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APPERDIX A

Glossary of Teras

Ternm

(Xiji-Xi) (Xij-Xi)°
1

-
19
i

it VI

A?= (ul-ug) 'V-1(ul-u2)

D2= (X1-X2)*S-1(X1-X2)

Definition

Coefficient of Proportionality,
Number of populatioas,

Numper of variables,

Wilk's Lambda measure,

Natural logarithn,

Sample size from population i,

Training sample size for all
populations (nl=n2=...=ng=n),

Skewness parameter of a
covariance structure,

k X 1 random vector element,

K X 1 randor vector element
from population i,

Population i,
k X 1 mean vector in TT3i,
k X 1 sample mean vector im 7Jli,
k X k cross-product matrix of
X in TTi,
Xk X k covariance matrix in T7i,

k X k sample covariance matrix

in TJ1i,
Coefficient of correlation,

Mahalanobis's A2 distance
(parameters Xknown),

Mahalanobis's D2 distance
{parameters unknowa),
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Dt (X) Optimal discriminant function or
Score (parameters knowa),

Ds (X) Sample discriminant function or
score (parameters uoknown),

Lt (X) {X-1/2 (ul+u2)}*'v-1(al-u2)=
Optimal linear discriminant
function or score
(parameters know¥n),

Ls (X) {X-1/2 (X1+X2)} *s-1(X1-X2)=
Sample 1linear discriminant
function or score
{parameters unknown),

P {X) Proportional guadratic
discrimrinant function or score,

Q (X) Quadratic discriminant fuanction
or score,

Bi Coefficient of a discriminant
function,

Vx Vector partial differential
operator with respect to X,

iVxj2 Sum of squared elements in
vector Vi,

pi A_priori probability that an
observation comes from TJ]i,

Ri The region of the random
vectors assigned to TTi,

f(X]1) Density function of X in TT3i,

r{j) Expected cost of misclassifying
an observation from T73],

C(1i3) Cost of misclassifyimg an .
observation from T7j imto TT1i,

P (3j) probability of misclassifying
an observation from TTi,

P(i]3) Probapility of misclassifying
an observation from TT]
into TIJi,

P1(Dt) optimal error rate,



P2 (Ds)
P3 (Ds)
P4 (D)

P35 (Ds)

P6 (Ds)

N{u,V)

X2 (k)

X*2 (k)

W(k,V)
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Estimated actual error rate,
Actual error rate,
Expected actual error rate,

Expected value of estimated
actual error rate,

Apparent error rate,

Cumulative normal distribution
function with mean vector u
and covariance matrix Vv,

Cumulative standard normal
distribution function,

Chi-square distribution function
with k degrees of freedon,

Non-central chi-square
distribution function with
k degrees of freedoa,

Wishart distribution function
with k degrees of freedoan
and covariance matrix VY,
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APPENDIX B

The Variance Hatrix of the Coefficients of the PQDF
with Proportional Covariance Structure

Consider the two-variate normal case, 1let ux{1) and

ux {2) be the means of variable 1 and 2 in population 1,

uy {1) and uy (2) be the two nmeans in population 2,
[V(11), V(12)]

d be the coefficient of proportionality, V = Lv(21), V(22)4,

and W = Det (V) = V(11)V{22) - V(12)V(21). The likelihood

function of the sample with known parameters 1is given by
(B-1) L(ux(1),ux(2),uy(1),uy(2),v{1Y),V(12),V(22),4)

nl -2n1/2 -nl/2
pl  (27T7) AL

nil
-1/2 { 2 (Xi- ul)*'¥-1 (Xi- ul)}
e e i=1

n2 -2n2/2 -n2/2
e p2 (211 jav]

n2
-1/2 {3 (Xj- u2)*'(dv)-1(Xj- u2)}
e e j=1

nl n2 -(nl+n2) - {nl+n2)/2 -nZ2
= pl p2 (2T1) 1V} d

nl
-1,2 [ S (Xi- ul)'V-1(Xi- ul)}
s e i=1

n2
172 (172 S (X3 u2) *V-1(Xi- u2)}-
. e j=1
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W{(l1l), W (12)
Let V-1 = [ W{21), W (22) ], then

(B-2) L(ux(1),ux{2),uy (1) ,uy(2),v(11),V(12),v(22),4)

nl n2 -(nl+n2) -n2
= Bl p2 (2T d
-{(nl+n2) /2
o (W)
Dl X1-ux (1) '¢W(11) W{12)4 ,X1-ux(1)
-172 ¢ ¥ Gkz-ux )] Goan wiez)d Gxz-ux(2)]
e e i=1
N2 eY2-uy{2)7'¢W(11) ¥H(12) Y2-uy(2)
+ {174 Sp[yg-ux(z)] [w(21) a(zz)][zg—uz(z)]}.
j=1

The log likelihood function can be written as

(B.3) 1log L = 21 log pl + n2 log p2
- {(n1+n2) log 27T - n2 log d

- {(nl+n2) /2 log (%)

n1
ST L(x1-ux (1) )2W(11) +(X2-ux(2))2¥(22)
1i=1

N | -

+ 2(X1-ux(1)) (X2-ux(2))¥(12)}

2d =1

1 n2
S [{¥l-uy{1))2W{11) +(¥2-uy (2))2¥(22)

+ 2(Y3-uy (1)) (Y2-uy(2))¥(12)}-

Since

W({l11l) = V(22) -1,
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W{22) = v(11)u-2,
W({12) = W(21) = -2 V(12) N-1
= -2 V(21) w-1,
therefore,

{B-4) 1log 1 nl log pl + n2 log p2
= (ni+n2) log 27T - n2 log 4

= (nl+n2) /2 log W

1 n1
- - {({X1-ux(1))2v(22)w-1
2 1i=1
+(X2-ux {2)) 2V (11) §-2
+ 2{X3-ux{1)) (X2-ux{2))
°(~2) V(12)¥-1}
1 n2
- — 2 {(Y1-uy{1))2av{22) u-1
2d j=1

+{¥2-uy(2))2v(11) w-1
t 2(Y1l-uy(1)) (Y2-uy(2))
»{-2)V(12) -1} .

After partially differentiating the 1log 1likelihood
function, one has the following results which had been
simplified by using the setup conditions in the PCS, i.e.,
N((45/q71377§,0)',1) in population 1 and N((0,0)°?,dI) in
population 2.

02log L n1 n2 nlp22 +n2p12

(.5) ——m— = - - = - .
opl2 plz  (1-pl1)2 pl2p22




(B.5)

(B-7)

(B-8)

(B.9)

(B. 10)

(B. 11)
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d02log L

S0z (1) 2 nl wW(11) ,
2.4

02log L

dux (2) 2 1w

02log L n2
- =- — ") ,
duy (1) 2

(=]

02log L
—_— w{22) ,

'b
(=TI | §)

duy (2) 2

d2log L (nl+nl) V(22)2

ov{11)2 2 W2

nl n2
- {2 (X1-ux(1))2 + 142 3 (¥l-uy(1))2}

i=1 j=1

oV (22) 3W-3

nl 7 n2
+2{_S:(X1-uz(1))(Xz-u;(2))+; ,S:(u-ux(mu;-uuzm

1= 3=

eV (12) V(22)2W-3

ni n2
- {3 (X2-ux(2))2 + 1/a X (¥2-uy(2))2}
i=1 j=1

oV {12) V{21)V (22) W-3 ,

d2log 1L -(nl+n1) V(12)V(22)

ovV(11)0V(12) W2

nil n2
20 ST (X3-ux(1))2 + 1,4 D (Y1-uy(1))2}
i=1 j=1
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oV (12)V(22)24-3

nl 1 n2
- {_2:(111-11;(1))(xz-uz(2)>+- 2 (Yi-uy (1)) (Y2-uy(2))}
i= da j=1

e (3V (12)2+¢V(11) V(22))V{22) ¥-3

2
1(Yz-uz(Z))z}

nl
+ {2 (X2-ux(2))z + 174

n
i=1 J=

oV {12) (V(11)V(22)+V(12)2) W-3 ,

02log 1L (ni+nl) V(12) V(21)
(B. 12) =
ov{(11) oV (22) 2 W2

n1 n2
- (S (x1-ux(M)2 + 1,4 > (Y1-uy(1))2}
i=1 - §=1

oV (22) V(12) 2H-3

nl 1 n2
+ {3 (X1-ux(1)) {X2-ux(2))+- (Yi-uy (1)) (¥2-uy(2))}
i=1 a j=1

oV (12) {V(11) V(22)+V(12)2) ¥-3

2
(¥2-uy(2)) 2}

n
=1

nl
- (S (x2-ux(2))2 + 174
i= 1 j

oV {11) V({12}V (21) ¥-3 ,

02log L (n1+n1) (V(11)V(22)+V(12) V(27))

(B« 13) —m— =
ov{12)2 W2
nit n2
- (ST (x1ux()2 + 174 X (¥Y1-uy(1))?}
i=1 j=1

oV {22) (V(11)V(22)+3V{(12) 2)u-3
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n 1 1 n2
+2( ZZ(XA-u;(m (X2-ux(2))+- 2 (Y1-uy(1)) (¥2-uy(2))}
i= d j=1

oV (12) (V{12)2+3V (11) V{22)) ¥-3

nl n2
- {2 (X2-ux(2))2 + 178 3 (¥2-uy(2))?2}
i=1 =1

oV (11) (V(11)V(22)+3V(12)2) -3 ,

02log L -(n1+n1) V(1) V{12)
(B. 14) =
ov{12) 0V (22) W2
ni n2
+ { S (x1-ux(N)2 + 14 > (Y1-uy(1))2}
i=1 j=1
oV (12) (V(11)V{22)+V(12)2) W-3
n1 1 n2
- ¢ ST (x1-ux (1)) (X2-ux(2) ) +- 2 (Yi-uy(1)) (Y2-uy(2))}
i=1 a j=1
e (3V(12)2+4V(11)V(22))V(11) ¥-3
ni n2
+2( S (x2-ux(2))2 + 178 2 (12-uy(2))2}
i=1 =1

oV (11)2V{12)¥-3 ,

82109 L (ﬂl#ﬁ_l)V(11)2

{B.15) — =
ov{22)2 2 W2
nl n2
- (ST (x1mux(M)2 + 1,4 2 (¥1-uy(1))2)}
i=1 §=1

oV (11)V(12)2W-3
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nl 1 n2
+2{_Z:<X1—uz(1))(xz-u_x<2n+- 2 (11-uy(1)) (12-uy(2))}
i= d j=1
eV (11)2V(12) -3
n 1 n2
- I.E';(Xg'us(Z))z + 1738 2 (¥2-uy(2))2)
i= j=1

oV (11) 3y-3 ,

02log 1 1
(B~ 16) =
dvV(11) dd 242 w2

n2
{ - (2 (¥l-uy(1))2 } ev{22)2
j=1

n2 -

+2 {_S:(Yl-ul(l)) (Y2-uy(2))} «v(12)v(22)
J:

n2 ,
- {_2:112-111(2))2} *V(12)V(21) } ,
j:

d2log 1 1

L

{B. 17) =
oV (12) 0d 42 w2

n2
{ {2 (Yl-uy(1))2} »v(12)Vv{22)
i=1
n2
- {2 (Yi-uy (1)) (¥2-uy (2))}
j=1
'(V(11)V(22)+V(12)2)
nz

+ (2 (Y2-uy{2))2} eV(11)V(12) } ,
j=1
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d02log 1 1
(B. 18) = .
ov(22) 9d 242 w2

n2
{ - {_EZ(YJ-HZ(1))2} *V(12)V(21)
J:

n2

+2 {_ZZ(YJ-UI(1))(12-01(2))} *V(11)V(12)
J:

n2
- {.EZ(Yz-UX(Z))Z} V(12 3} ,
3:

d2log L  n2 1
{B. 19) = - .
ddz2 dz 33 «

n2
{_EZ(YJ-uz(w))z } eV (22)
]:

~

n2
-2 I_EZ(Y1°HI(1))(Yz-ux(Z))} *V(12)
J::

n2
+ [ 2 (¥2-uy(2))2} ev(11) } .

3=1
The results of the above second partial
differentiations are then evaluated at the point where the
estimated parameters equal their corresponding true

parameters. One thus has

2log L nlp22 +n2pl2
(B.20) ———-———]. = - ;
oplz de=e p12p22




1€3

{azlog L
dux (1) 24e=9

= =l wW(11) ,
d2log L
(B~ 22) [———ja = - 81 W(22) ,
Jux(2) 246=06
rd2log I, n2
{B.23) = Q = - — W{(11) ,
Lduy (1) 248=0 a
Zlog ng
(B.24) j = - — W{22) ,
duy(2) 2d8=6 a
d2log :] - (nl+nl1)v(22) 2
(B-ZS) [———— " =
av (11) 2 W2
- {(n1+n2)V(11)} eV{22)3§-3
+2{(n1+n2)V(12)} eV{12)V(22)2§-3
- {(n1+n2) V(22)} *V(12)V(21)V(22) -3 ,
02log L -(a1+n ) V{12)V(22)
(B. 26) [ ] -
ov(11) ov(12)de=e W2
+2{(n1+n2)V(11)} =V (12) V{22)24-3
- {{(n1+n2)V(12)} *(3V(12)2+V(11)V(22))V(22)¥-3
+ {((n1+n2)V(22)} *V(12) (V(11)V(22)+V(12)2)®-3 ,
02log L (n1+n1)V (12)V (21)
(B. 27) [ ] -
ov (11) OV (22) 8 2 W2

- {((n1+n2)V(11)} eV (22)V{(12)2u-3



+ {(m1+n2)V(12)] eV (12) (V(11) V(22)+V{12)2) §-3

- {(n1+n2)V{22)} V{11 V(12)V (21) w-3 ,

02 log :] (n1+n1) (V(11)V(22) +V(12)V(21))
(B« 28) {——————-—

ov (12) W2

= {(ni+n2)V(11)} eV{22) {(V{11) V(22)+3V (12)2)§-3

+$2{(n1+n2)V(12)} eV{12) (V{12)2+3V(11)V{22))W-3

= {{(0l+n2)V(22)] oV{(11) (V{11) V(22)+3V (12)2)¥4H-3

d2log L -{nl1+n])V(11)V(12)
(B 29) [ }a

av (12) 0V (22) We

+ {(1+n2)V (1) ] oV (12) (V(11) V(22)+V(12)2) W3

- {((n1+02)V(12)} o(3V{(12)2+V(11)V{22))V(11) ¥-3

+2{(n1+n2)V (22)} »V(11)2V(12) W-3 ,

2]log (ni+nl)VvV(11) 2
{B.30) :] =
dvV {22) 24 =86 2 w2

- {(n1+n2)V(11)} *V{11)V(12)2%-3

#2[(01402)V{12)} *V(11)2V(12) -3

- {{n1+n2)V(22)} V(11 3W-3 ,

d2log L 1
(B.31) {a ]a - .
V{11) ddle=e 242 W2

{ - (2 dv(11)} <V (22)2
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+2 {02 AV(12)} eV (12)V(22)

- {n2 AV(22)} «V(12)v{(21)}

7

d2log L 1

(B.32) [ ]. -
oV (12) ddde=s dz w2

{ {02 dav(11)} ev(12)Vv(22)
= {02 dV{12)} & {V(11)V(22)+V(12) 2)
* o {n2 AV(22)} eVv(1YV(12) } ,

d2log L 1

(B.33) [

oV (22) ad]3=e B 2d2 §2
{ = (02 aV{11)} eV(12)V (27

+2 (02 AV{12)} eV {11)V{12)

- 2 av(22)} ev(11)2 3 ,

d2log I] n2 1

6= az a3 W
{ {n2 dV{11)} eV{22)
-2 {n2 av{12)} v({12)
+ (n2 dV(22)} ev{11) } .

Substituting ux (1) =Av{1+d) /2, ux {2)=uy (1) =uy (2)=0,
V{11)=v(22)=1, V(12)=V(21)=0, and W=1 into Eguations (B.20)

through (B.34) yields the following results.



[ azlog L

ovV{11) 9V(12)

[ azlog L

av{11) Ov({22)

d02log z]
[av (12) 2l o=0

02log L
[BV(12) oV {22)

d2log L
[aV(zz)z]Sce

]
9=08

]
0=8

-{ni+n2) ,

]
=06

n1p2? +n2pl2

pl2p22

a R

lb
(~ T I [ )

(nl+¢n2)

]
o

’

]
Q
-

=0,

—{nl+n2)

2
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d2log L -n2
[AV(H) ad]3=e ) 24 ’
[ d2loq9 1L
" =0,
av{(12) ad]e=e

[ d2log L

v (22) ad]e';:e 24

2log L -n2
—], ==,
d0dz2 0=6 d2

Following Layard's (1972) Theorea (1.3) and Efron's
(1975) Lemma {2), the joint 1limiting covariance matrix of
[ " n " [ o " [ N [ ) [

(pl,ux (1) ,ux (2),uy (1) ,uy(2),V(11),V(12),V(22),4) can be
found by multiplying the above equations with - {(nl#n2)-1,
evaluating them at nl/(nl¢n2)=pl and n2/(nl+n2)=p2, and then
taking inverse of the matrix. The resulting covariance

matrix of the estimated parameters is given below:

{B.35) V{8)=V{pl,ux{1) ,ux{2),uy(1) AY(2) ,V{11),v{12),V{22),4)

plp2 0 O 0 O 0 0 0 0
0o i/p1 0 0 O 0 0 o0 0
0O ©01/p1 0 O 0 0 © 0
= | 0 0 0 d/p2 O 0 0 0 0
o o0 0 0d/p2 0 0 0 0
0 0 0 0 0 (1+p1/pl1 0 p2/p1 -d/p1
o o0 O 0 © 0 1 0 0
6 0o o0 o0 0 p2/pl 0 (1+pl)/pl -d/pl
. 0 o0 o0 0 O -d/p1 0 -d/pi d2/pip2i.
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The procedure of finding M matrix in Equation (3.8) of
Efron's (1975) Lemma (2) is demonstrated belou.

The optimal discriminant function with two-variate PCS
is given by

(B.36) Dt(X)= B +B X +B X +B X X +B X2 +B xz2 ,
0 11 2 2 3 12 4 1 5 2

where

0 1 2
1 1 1
-/ {2 (1) =/u2 (1)) V(22)W-1+(u2 (2)-/u2(2)) V(17 w-1
2 x d vy X dy

1
-2(u {HYu (2)-/u (Yu (2))V(12)8-1},
X X dy Y

1 1
B= {u (1)-/u (1N}V(22)u-1-fu (2)-/u (2} V(12) -1,
1 X d y X d y
1 1
B = {u {2)-ru (2}V(1yH¥-1-{u (H-s/u (H}V(2) -1,
2 X dy b 4 dy

1
B = (‘]— ‘)V(12) i-1,
3 d

1 1

- {(1- =)V {(22)%-2,
4 2 d
1

1
- (1- =)V {(11) %=1,
5 2 d



wvhere W=V (11)V(22)-v(12)Vv(21).

After partially differentiating B0,

B1,

respect to pi1, ux(1), ux(2), uy (1), uy(2),

V(22), and 4, one has

165

e maeay, Bé Hith

vi(1y, v(12),

0B0 JBO0 3B 90 30 3B0 3B
19p1 dux (1) Jux(2) ST dV(11) 3v(12) 3V {22) 34
o1 dp1 oB1 981 dg1 o1 o1
dpl Jdux (1) dux(2) ST dV(11) 3v(12) 3Jv(22) dd
{B.37) m= | . . . . . . . -
dB5 OJB5 dB5 9B5 oS B>  OBS
13p1 Bux (1) aug(z)’; T T 3v(11) dv{12) 3v(22) da .

r 1 ux{1)V(22) ux(2)V(11) uy(1)V{22) uy{2)Vv{11)

|pip2 -W® -W dw aw
0 V{22)W-1 -V(12)W-1 -V (22)W-1/d V{12)W-1,/4
=] 0 =-v(12)8-1 V(11)¥-1 V(12)u-1/4 -V(11)W-1,4
0 0 0 0 0
0 0 0 0 0
L0 0 0 0 0

ux (1)2-uy{(2/4 ux(NHux({2)-uy(Nuy(2)/d

2V(22)-2¥2 (R+2V (12)V(21)) 1542

uy (1) /4 —ux(1) uy(2) /d -ux(2)

V(22)-24§2 (W+2V (12)2)-1§42

uy (2) /4 -ux(2) uy{1) /da -ux (1)

V(12)-2W2 (W#2V {12)2) -1W2



V(12)V{22)

(1/d =-1)-142

(1- 1/Q)V(22)2
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We2V(12)V(21)

(1-1/d) -1§2

(1

/8 -1)V(12)V(22)

2W2

(1- 174)v(12)2

(1

2

/a -1 V(1) V(12)

2%W2

(ux (2)2 -uy(2)2/4d)

2V(11)-1§2

{uy (1) /74 -ux(1)

(V(12)V (21))-1w2

uy (2)/d -ux(2)

V{(11) -2W2

(174 -1)V{11)7V(12)

1
/4
d

uy {

2

uy (1) 2V(22)+uy (2) 2V (11);

~-242¥%

1)V (22)

uy (

d2w

2)V(11)

d2w

V(1

2)

wa

{1- 1/8)V (12)V{21)

a2 W

-v{

22)

2¥2

{(1- 1/a)v(1y 2

22

where W= V{11)V(22)-V({12)V(21).

Substituting the parameter

242

..V(

242

va lues

W

11)

¥ J

into (B.37) yields the following H matrix.

with two-variate PCS
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1 -A/1+4d (1+4) 1 1
-_— - 0 0 0 0 0 -
plp2 2 4pN-2 d
=1 ~A/1+d
0 1 00— 0 — 0 0 0
(B-38) M= d 2

{ O 0 0O 0 0 0 1- - 0 0
« d
1 1 -1
0 0 0 0 0 -{1-,) 0 0 _
| 2 d 242
1 1 -1
0 0 0 0 O 0 0 -{1-/) — ]

- 2 a 242 4.

Once both V(8) and M matrices have been found, the
covariance matrix of the coefficients of an estimated P(CLF,
V(P), can be obtained immediately from the following
equation:

{(B.39) V(P)= V = M V(8) M
E

-V11 V12 V13 Vig V15 Vie6,

V21 V22 V23 V24 V25 V26

"
=
W
——t
<
W
(&
)
fw
i
<t
w
L
-l
w
U

V36

v

«3
&~
i
3
&
[\
«3
=
W
<3
&
&
-3
&
W

&
jor

3
(8
W

lvs1 vs2 v53 vss V56

8]

Lyl V62 Vb3 V64 Vb5 V654,

where



Vi

-3
I

«d
-t
N

-t
I

1]

(1+d)2 A *p2(1+p1)
16

2+

P1 A2
(P2+—) +—— (1+d) p2 (1+p1),
a 2

P1 Az
(p2+—) +—— (1+4d) p1p2,
a 2

1
P1P2(1‘ /)20
d

1 pl 1
V6 = - {(p2+—)+p1p2(1-/) 2},
4 dz d
-A3 1+4
val = (1+d) p2(1+p1) v
4 2
1 A2 pl pl
=V31 = - {——(1+4) p2 (1+pil- —)-(p2+—)},
2 & d d
1 A2 pl
Vel = = [—— (1+4d) p2-1} (p2+—),
2 4 d
_pZA 1+4d P_’_
V52 = (1+p1- —),
2 2 d
-p2A  [1+d 1
Ve2 = {(p2+—),

2 2 d

172
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1 14
V34 = vu3 = -p.lplﬂ-/)A/-—_—.
d 2
1 pl 1
V26 = VES = -{(p2+—)-p1p2(1-/) 2},
I az d

and the rest of the elements in V(P) are all egual to zero.



174
APPENDIX C

Derivation of Asymptotic Error Rates
with Two-variate LCS and PCS

Following Theorem {1) of 0'Neill (1980) , the asymptotic

error rate of t is defined as:

{C.1) RERR(t) = lim E{n (ERR{t) -~ ERR(8))}
n

E{(z'"Bz) = tr{E(z'Bz2)}

= tr (B E(zz')} = tr(BV).

where z is distributed as N {0,V , and
k+1
]
{(C.2) B = - J‘ IV p(x,8) |-vV Dp(x,8) V'pD(X,9) £(X) dn ,
4 R p' 8 8 R

vhere m is a lebesgue measure on R and
R

(C.3) £(X)= p1 £(X]1)+ p2 £(X]2).

The derivation of the O!'Neill's B matrix in two-variate case

is shown as belovw.

{1) With Linear Covariance Structure (LCS) : The

optimal discriminant function with two-variate LCS can be

written as
(C.4) DE(X) =1L{X) = X'I-' {(A,0)' -2 {((A/0NI-1{(A.,0) "'}
+log(pl/p2)

= AX1-1/2 A2 #4,
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vhere A log {p1/p2). Ther O'Neill's B matrix using an

estimated LDF is given by

aad

{(C.5) B

e el

©V (P ¢B X 4B X )V (B +p X +B X )f(X)dnm
B 0O 11 22 B 0 11 22 R

)

1
f A“{xl](hx X ) {p £E(X]1)+p £(X]2)}dm
R X2 1 2 1 2 R

1
1 1 X1 X2 Pl ~/[(X -A)2+%X2 )}
Nl 2| i e 2
R

= ——- | |11 x12 xix2|{— e 1 2
4 12 X1X2 X22 217
B 1
p2 -/ (X2 +X2 )
¢ — e 2 1 2 }dm ,
271 R

where BR={X§Dt (X)=0}. Thus on the discriminant boundary
R={X]AX1-1/2 A2+#2=0}, the value of X1 is X1=A/2- X/A -

Substituting X1 into {C.5), one has

1 A R
1 1 X1 X2 pl ~=/{{— - — -A)2+X%}
(C.6) B = ——-\r {xl X12 x1xz]{—- e 2 2 A 2
L 4, ¥X LX2 X1X2 x22 27T
2
1 A 2
p2 =/{(=— - —)2+X2}d4dX .
+ — e 2 2 PAN 2 2
217
1 1T A R 1 A -k
1 1 -/%2 -/(—+—) 2 =/ (—+—)2
= — —ec 22 fpe 2 2A tpe2 2A } dx
A ¥ X 27T 1 2 2

2



176

Thus, with some algebra, one has

1 A A X A 1 X1 X2
(C.7) B = — G(—+t—) (1 +e e ) [xl x12 xlxg]a(x )dx .
L 4A 2 A x Lx2 xi1x2 222 2 2

2

With X1 being constant, the value of the integral with
respect to X2 can be regarded as the expected value of the

3 X 3 cross-product nmatrix of X2 where X2 has a standard

normal distribution. Thus

1 (A 72-A/A) O
P1 A A
(Ca8) B = —— &(— +—) 1 {(A72-AA) (A/2-A/A)2 0

Los 24 0 0 1

Since the discriminant boundary of the estimated PQDF
vith LCS will converge asymptotically to R={I]A X1- 1/2 A2+
A=0}, the B matrice using estimated PQDF and LDF are

different only in the cross-product matrix of X2, i.e.,

A S R

P1. A A X1 X1
{C.9) B = ad(—+—) X2 X2 @{x )dx .
P 2A 2 A X X1X2 X1X2 2 2
2 X112 X312
Lx22 4 Lx22 U

The present problem is to compute the third and the
fourth moments for X2 which is a standard normal random
variable. Following Kendall and Stuart {(1977), the first
and the third moment are both zero, the second moament is

one, and the fourth moment is given by:



(C-10) M)

Thus, Equation (C.9) can be writtenp

E(X*)

177

1

22

as
¢ 1 xi 0 0 x3z 1 |
P1 A A |x1 x12 0 o0 x33 x1
(C.11) B = §(— +—)} 0 0 1x1 0 0O
P 2A 2 A0 0 x1x312 0 0
12 X13 0 0 X1 x32
L7 X1 0 0 x32 3.
where X1 = A/2 - A/A -
The B matrix using an estimated QDF, B , is identical
Q
to B .
|
Let B=B =B , the AERR(L), AERR(P), and AERR (Q) are then
P Q -
given by
(C-12) AERR(L) = tr(B Vv ),
L 1L
(C.13) AERR(P) = tr{BV ),
P
and
(C.14) AERR{(Q) =tr (BVY ),
Q
where V , V , and Y are the <covariance matrices of the
L P Q .
coefficients of the LDF, PQDF and the (QDF, respectively.

The procedure

Appendix B.

of deriving these matrices was discussed in



178

(2) Witk Proportiomal Covariance Structure (PCS) : The

optimal discriminant boundary with the PCS is

(C.15) R = (XIDL(X)= BO+B1X1+B2X2+B3X1X2+P4X12¢B5%22=0}
= {XIDLt(X)= log d +X -A2(1+4d) /4 tAv{1+d) /2 X1
+{1-d)X12/24 +(1-4d) x12/24d =0}.
Thus

BO= 1log d +)x -A2(1+4) /4,

Bl= Av (1+d) /2,

Bi= B3= (1-4) /24,

and

()
X = [-B + /B?— 4p (B +B X2)} / 2B .
1 4 0 5 2 4

After substituting X1 into {C.15) and following the
previous procedure, the B matrix using an estimated PQDF is

then given by the following:

1 1 = 1 1 '
-1/2 X__ 4 Xl d
(C.16) B {{B *ZB X )2*(23 X )2} X2 X2
4 2 xixz| {x1x2
xl X12
X p .Xzz .

o {p £(X]1)+p £(X}|2)}dn .
1 2 R
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Let Xcp denote the cross-product matrix, then

]

(C.17) B = - f (B2-4B B ~4p B x2+upaye)
P 4 X 1 0 4 § 5 2 5 2
2

-1/2

* Xcpi{p £(X|1)+p f£f(Xj2)}ax
] 2 2

1 -1/2
= - J‘ ($2-48 B ) Xcp{p f£(X{1)+p £ (Xi2)}dx
sdx 1 o4 1 2 2
2

1 -1,2
= ;(Bz-ua B ) J\ Xcp{p f(XIW)+p £(X]2)}dx .
' X 1

0 4 2 2
2

Let C= $i12- 4BOB4, then -

(+)

1 -1/2 {(+) p1 -1,2{(X -B )2+x2}
(C.18) B = - ¢ Lr {Xcp {(— e 1 1 2+
P 4 X 277
2
1 (+)
p2 - — {{(X )2+X2}
e 2d 1 2}
21T d
(-)
(=) P1 -1/2{(X -B )2+X2}
+ Xgcp{— e 11 2 ¢
277
1 {-)
p2 - — {{(X )2#Xx2}
e 24 1 21}
277 a

(%) . . (1)
where Xcp is the Xcp resulted by substituting X1 into the

cross-product matrix.
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With some algebra, Equation {C.18) can be reduced to

the following:

-8 VC (1+42B )+
1 x

(C.19) B = —¢ Xcp {—e 1 4

p1 -1/2 (4) 1 -1,2(p2-2p p
{ J\ 0 4
P 2 X 271

2

2B2B (148 )}
14 4 }ax
2

{-) 1 -1/2{p2-28 B
+ J‘ Xcp {—e 1 0
X 217

+B /T {142 )+
1 x

4 y

2p23 (1+B )}
14 4 }adx j,
2

vhere

(C.20) C = Ba2-up (B +B X2) = C-4p B Xx2.
X 1 4 0 5 2 4 5 2

Thils eguation can be written alternatively as:

pl1 -1/2 Bi-dy Cx
(C.21) B = —C {Lf ve! &( ) &(X )ax
P 2 X 1-d 2 2

2

) &(X )dXx },
1-d 2 2

pl+dy Cx
+ J1 ww' D
X
2

wvhere
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-1
| (-B1+y Cx) /2B4
J
X2

(Ca22) v

{ (=B1+/ Cx)X2/2B4
(= Bi+y Cx) 2/2p42

Lx22 )

and

1 w
(=B1-v Cx) /2B4
X2

(C.23) w
(-31-y Cx) X2/2B4 |

I
(-B1-V Cx)2/2B42 -

- X 22 F

The problem of evaluating this B matrix is intractable,
thus numerical integration methods such as Simpson's rule
and Newton's method were applied here, using 21 data points.

The B matrix is equal to B here since both DF's have
the sanme cgoss-product matrices igp. Thus tae AERR(P) and
AERR(Q) can be found using identical B Matrix (B=B_=B ) »

P Q
l.e.:

(Ca24) AERR(P) = tr(BV )
and

{(C.25) AERR(Q) = tr{(BV )
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where V and V are the covariance
P Q
coefficients of the PQDF and the QDF.

matrices of the
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APPENDIX D

Derivations of Maximunm Likelihood Punctioas

(1) Wwith Linear Covariance Structure (LCS), i.e., V1=V2=V:
The 1likelihood function of the sample with koown

parameters is given by

-nlk/2 -nl/2
(D-1) L(ui,u2,vV) = (277) 1V}

n1
=1/2 { 2 (Xi- u1) *V-1(Xi- ul)}
* e i=1

-n2k/2 -n2/2
* (2TT) 1V

n2
=172 { 2 (Xji- u2)*'V-t (Xj- u2)]

o o J:]
- (n1+n2)k/2 - (n14n2) /2
= (217) SV
nl
-1/2 { 2 (Xi- ul)'V-1 (Xi- ul)}
e g i=1
n2
-1/2 ( 2 {Xi- u2)'v-t (Xj- u2)}
. e j=1 .

It is well known that the maximum likelihood estimates
(MLE) of ul, u2, and V with LCS are given by

"

]
(D.2) wuwi = Xi = — 2 Xij, i=1,2,
n j=1
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1

A
(D-3) V=85 =8i = ———— (A1+ A2, i=1,2,
(l+n2)

where Xij is the jth k X 1 sample vector from the population

i (T7i), and

ni _ _
(D-4) AL = X (Xij- Xi) (Xij- Xi)*, i=1,2.
3=1
Thus the maximum likelihood function derived from the
sample can be writtenm as

- = ~{ni+n2)k /2 = (nl+n2) /2
(D-35) L{X1,X2,S) = (271) 1Si

nl _ _
1,2 { 2 {Xi- X1)'s-1(Xi- X1)}
i=1

* e
n2 _ _
-1/2 { 2 (Xj- X2)'S-1(Xj- X2)}
® o j:‘] -
Since
n1 _ _ n2 _ _
-1/2 { 2 (Xi-X1)'S-1(Xi-X1) + X (Xj-X2) 'S-1(X3i-X2)}
{(D.6) e i=1 j=1

-1/2 {tr(S-iAl1) + tr(s-1a2)}
= e

-1/2 trace(S-1A1+ S-1A2)
= e

-1/2 tracefS-t(Al+ A2)}
= e
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=1/2 trace{(nl+n2) (A1+ A2)-1(A1+ A2)}

= e
-1/2 trace{(nl+n2) =1}
= e
-1/2 k(nl+n2)
= e ’
thus
- - -(nl+n2)k/2 -{nl+a2) /2
{b-7) L(X1,X2,S) = (2T7) 1S]

-1/2 k(nl+n2)
e p -
{2) With Proportional Covariance Structure, PCS, V1=V2/4=V:
The 1likelihood function of the saample with Kknown
parameters 1s given by

-nlk/2 -nl/2
(D.8) L{ul,u2,v,d) = (2T7) iVl

n1
-1/2 { 2 (Xi-ul)'V-1 (Xi-ul)}
o e i=1

-n2k/2 -n2/2
e {2T1) 14dv]

n2
172 (S (xj-u2) ' (@V)-1(Xi-u2)}
e e j=1

- {nl1+n2)k/2 ~(nl+n2) /2 -n2k/2
= (2T1) 1V d
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n1

=1/2 {27 (Xi- ul)'V-1 (Xi- ul)}
s p i=1

n2
-1/2{1/8 X {Xj-u2) 'V-1(Xj-u2)}
L I} j=1

The MLE's of ul and u2 are the same as those in LCS.
As for V and 4, their MLE's were derived in Section 3.2 and

given by Equations (3.4) and (3-.5) . Thus one can write the

likelihood function maximized with respect to ul, w2, v, and

d as
- n -{n1+n2)k/2 - (n1+n2) /2 .-n2k/2
(D-9) L(X1,X2,5,d) = {277) 1S] d
ni _ _
-1/2 { 2 (Xi-X1)*S-1 (Xi-X1)}
e o i=1
a D2 - -
-1/2 {1/d 2 (Xj-X2) 'S-1(Xj-X2)}
s o j=1 -
Since
ni - A ng - T ,
-1/2( 27 (Xi-X1)*S-1(Xi-X1) +1/d 27 (X3-X2) 'S-1 (X-X2)}
(D.10) e i=1 j=1

-1/2 {tr(s-1d1) +1/4 tr(S-1A2)}
= e

"N
-1/2 trace{S-1a1 +1,d (S-1A42)}
= &

-1/2 trace{S-1(A1 +1/4 A2)}
= e
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-1/2 trace{(nl+n2) (Aj+1/3 Ag)-l(11+1/a A2)}
:e -

-1/2 trace{(nl+n2) eI}
= €

=-1/2 k{nl+n2)
e

’

thus

- - " -{nl+n2)k/2 -(ni+n2) /2 ,-n2k/2
(b.11) L(x1,X2,5,d4d) = (2TT) 1S} d

-1/2 k (n1+n2)
® o -

(3) With Quadratic Covariamce Structure (QCS), V1#(1/4d)V2:
The 1likelihood function of the sample with known
parameters is given by

-ni1k/2 -n1/2
(D.12) L{ul,u2,v1i,Vv2) = (277) 1Va]

n1
-1/2 {2 (Xi-ul)'V1-1(Xi-u1)}
s e 1=1

-n2k /2 -n2/2
o (2T1) 1V2]

n2
1,2 {3 (Xj-u2)'v2-t(Xi-u2)}
e e j=1

-{nl1+n2)k/2 -nl/2 -n2/2
= {2T71) R AR iv2]
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ni
-1/2 { 27 (Xi-ul)'V1-1 (Xi-ul)}
e ¢ i=1

n2
-1/2 { 2 (Xj-u2)'v2-1(Xj-u2)}
° e 3= 1

The MLE's of ul and u2 are the same as those in LCS.

The MLE's of V] and V2 are defined as follows:

(D.13) Vi = Si = l— Ai, i=1,2,
a1
where A1 was defined in Equation (D.4) and Xij 4is the 4th
k X 1 sample vector from the population i.
Thus the maximum likelihood function derived from the
sample can be written as

- — -(ri+n2)k/2 -nl/2 -n2/2
{D.14) L(x1,X2,s1,52) = (2T1) isi} 1S2]

n1 _
-1/2 {2 (Xi-X1)'S1-1(Xi-X1)}
s e i=1

n2 _ _
-1/2 { 2 (Xj-X2)'s2-1(X3-X2)}

Since
nl _ _ n2 _ o
“1y2 {3 (Xi-X1)'s1-t (Xi-XD)+ X (X1-X2) 'S2-1 (X1-12)}
(D-15) e i=1 j=1

-1/2 ({tr(S1-1Al) + tr(S2-1'A2)}
= e
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=1/2 trace(si-ta1+ S2-112)
e

-1/2 trace{nlAl-ta] + R2A2-1A2}
€

-1/2 trace(nlel =+ n2eX}

-1/2 trace{ (nl+n2) I}

]
m

-1/2 k{ni+n2)

]
n

thus

- - ={(ni+n2)k/2 -nl/2 -n2/2
(b.%6) L(x1,x2,51,S2) = (2T7) §S1] 1S21

=-1/2 k (n1+n2)
® £ -
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APPENDIX E

Plots of Asymptotic amd Finite Sample Relative Efficiency
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ASYMPTOTIC RELATIVE EFFICIENCY
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RELATIVE EFFICIENCY WITH FINITE SAMPLE
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RELATIVE EFFICIENCY WITH FINITE SAMPLE
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Figure 23: Belative Efficiency of the PQDF to the LDF with
Skewness=1, nl=n2=15, and Distance=§
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RELATIVE EFFICIENCY WITH FINITE SAMPLE
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Figure 24: BRelative Efficiency of the PQDF to the LDF with
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RELATIVE EFFICIENCY WITH FINITE SAMPLE
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RELATIVE EFFICIENCY WITH FINITE SAMPLE
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Figure 27: Relative Efficiency of the PQDF to the QDF with
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LATIVE EFFICIENCY WITH FINITE SAMPLE
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RELATIVE EFFICIENCY WITH FINITE SAMPLE
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RELATIVE EFFICIENCY WITH FINITE SAMPLE
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Figure 30: Relative Efficiency of the PQDF to the LDF with
Skewness=3, nl=n2=15, and Distance=1
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RELATIVE EFFICIENCY WITH FINITE SAMPLE
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Figure 31: Relative Efficiency of the PQDF to the LDF with
Skewness=3, nl=n2=15, and Distance=4
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RELATIVE EFFICIENCY WITH FINITE SAMPLE

{\J{\)fn_(n:c:cmmmm\a\xoooow
33!
]

FNTY MQ —~<OZM—=O—MMMMm M<—-<4DMrMmM>o

NUMBER OF VARIABLE
LEGEND: ALPHA + + + 1 X X X 2 * % % Y

Figure 32: Relative Efficiency of the PQDF to the LDF with
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Figure 33: Relative Efficiency of the PQDF to the LDP with
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RELATIVE EFFICIENCY WITH FINITE SAMPLE
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Figure 35: Relative Efficiency of the PQDF to the QDF with
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APPENDIX F

Flowchart for Monte Carlo Simulation

\J/ Input k, Ngs
Lula u2, 219 22-
/2@ Ry (548 T® Ky

(2) Generate a pair of samples of size n .

(1) Compute

(3) Compute estimates of Hps Ms Iys I, and a.
(4) Conduct GLR test to obtain p-value.

(5) Compute the coefficients of optimal and estimated DF
for each of the LDF, QDF, and PQDF.

(6) Calculate discriminant scores, classify obs., and
obtain apparent ER, p6(*), and estimated optimal ER,

ﬁl(*)’ using each of the LDF, QDF, and PQDF. (*=L,Q,P)

(1) Generate 500 new obs.

(2) Calculate discriminant scores, classify obs., and
obtain estimated actual ER, p3(*), *={ Q,P.

(3) Compute E[pg(*)- p3(*)]2.

No Run>2007?

Yes

(1) Average ﬁ](*)'s, 53(*)'5, and p6(*)'s to obtain E[B;(*)],
By(*), and E[pg(*)].
(2) Calculate RE among LDF, QODF, and PQDF.

(3) Compute SD for pi(*), 53(*), and pg(*), *=L,Q.,P-

Yes Repeat?
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APPENDIX G

Tables of Results froam Monte Carlo Simulation
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Simulation Results Using 200 Replications and Skewness=1

-— e e e——
. —— . A T W Y A D W W D A WS A S R S S D i - D R S D D G Y D . S - S T T — G =

G G A A D WD D GRS AR G D G DD S S G G AR S DD GED D R GED GUD D NER G D D W A S

k n A SUBJECT MEAN STDERR MEAN STDERR MEAN STDERR
APPERL 0.3008 0.0062 0.2757 0.0061 0.2633 0.0058
APPERF 0.2908 0.0060 0.2432 0.0054 0.1900 0.0050
APPERQ 0.2827 0.0058 0.2313 0.0055 0.1812 0.0051
ACTERL 0.3267 0.0023 0.3183 0.0022 0.2954 0.0020
ACTERP 0.3359 0.0026 0.3037 0.0023 0.2316 0.0018
ACTERGC 0.3486 0.0027 0.3124 0.0023 0.2403 0.0019
OPTERR 0.3068 0.0014 0.2766 0.0015 0.2092 0.0013
P(L/P) 0-%4837 0.0211 0.1695 0.0172 0.0114 0.0038
P(P/Q) 0.4934 0.0211 0.4663 0.0211 0.4632 0.0208
DELTAH 1.0746 0.0307 1.1710 0.0288 1.1299 0.0280

15 __ ALPHAH 1.0973 0.0306__2.1876 0.0609 4.4994 0.1286
APPERL 0.0192 0.0019 0.0230 0.0018 0.0220 0.0018
APPERP 0.0178 0.0019 0.0182 0.0017 0.0112 0.0014
APPERQ 0.0163 0.0017 0.0173 0.0017 0.0093 0.0013
ACTERL 0.0256 0.0006 0.0290 0.0008 0.0330 0.0009
ACTERP 0.0286 0.0007 0.0272 0.0007 0.0203 0.0007
ACTERC 0.0308 0.0008 0.0295 0.0009 0.0226 0.0009
OPTERR 0.0217 0.0005 0.0201 0.0004 0.0145 0.0004
P(L/P) 0.4943 0.0218 0.1783 0.0176 0.0115 0.0025
P(P/Q) 0.4504 0.0198 0.4685 0.0202 0.4683 0.0215
DELTAH 4.2139 0.0513 4.1650 0.0454 4.3325 0.0550

2 ALPHAH 1.0788 0.0350 _2.2036 0.0637 4.2809 0.1237
APPERL 0.3023 0.0038 0.2960 0.0042 0.2693 0.0044
APPERP 0.3005 0.0037 0.2673 0.0040 0.2025 0.0036
APPERQ 0.2962 0.0037 0.2643 0.0039 0.1993 0.0036
ACTERL 0.3160 0.0017 0.3101 0.0018 0.2926 0.0020
ACTERP 0.3198 0.0017 0.2892 0.0015 0.2219 0.0014
AGTERG 0.3264 0.0021 0.2945 0.0018 0.2259 0.0014
OPTERR 0.3085 0.0014 0.2771 0.0013 0.2111 0.0012
P(L/P) 0.5098 0.0203 0.0435 0.0066 0.0003 0.0002
p(Br0) 0.5069 0.0206 0.5034 0.0216 0.4764 0.0207
DELTAH 1.0459 0.0185 1.0499 0.0220 1.0680 0.0226

30  ALPHAE 1.0302 0.0192 _2.1064 0.0360 4.1066 0.0733
APPERL 0.0222 0.0014 0.0242 0.0013 0.0258 0.0013
APPERF 0.0215 0.0014 0.0194 0.0013 0.0125 0.0010
APPERQ 0.0216 0.0014 0.0191 0.0013 0.0120 0.0010
ACTERL 0.0248 0.0005 0.0267 0.0006 0.0308 0.0007
AGTERP 0.0251 0.0005 0.0230 0.0005 0.0167 0.0005
ACTERGC 0.0256 0.0006 0.0244 0.0006 0.0174 0.0005
OPTERR 0.0228 0.0005 0.0202 0.0004 0.0141 0.0004
p(L/P) 0.5443 0.0206 0.0646 0.0100 0.0002 0.0001
p(bsQ) 0.5124 0.0204 0.4125 0.0200 0.5018 0.0208
CELTAH 4.0729 0.0356 4.0740 0.0344 4.1354 0.0377
ALDHAH 1.0020 D.0176__2.0731 0-0418 3.3643 0.0716
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TABLE 20
{Continued)
Proportionality 4= 2

X n SUBJECT MEAN STDERR  MEAN STDERR MEAN STDERR
APPERL 0.2U432 0.0059 0.2468 0.0055 0.2362 0.0056
APPERP 0.2378 0.0055 0.1968 0.0052 G6.1087 0.0041
APPERC 0.1962 0.0052 0.1603 0.0048 0.0848 0.0039
ACTERL 0.3501 0.0033 0.3376 0.0027 0.3254 0.0031
ACTERF 0.3558 0.0032 0.2919 0.0025 0.1863 0.0018
ACTERQ 0.3912 0.0032 0.3304 0.0029 0.2266 0.0027
OPTERR 0.3052 0.0014 0.2452 0.0013 0.1430 0.0010
P(L/P) 0.5053 0.0212 0.0860 0.0119 0.0004 0.0001
P(P/Q) 0.3277 0.0191 0.3722 0.0195 0.3649 0.0210
DELTAH 1.3566 0.0309 1.3234 0.0291 1.3623 0.0286

15 ALPHAH 1.0587 0.0226__2.0522 0.0422 4.2380 0.0538
APPERL 0.0162 0.0018 0.0143 0.0016 0.0182 0.0017
APPERP 0.0162 0.0018 0.0102 0.0013 0.0068 0.0011
APPERC 0.0113 0.0013 0.0070 0.0011 0.0055 0.0009
ACTERL 0.0342 0.0009 0.0357 0.0011 0.0409 0.0012
ACTERP 0.0370 0.0010 0.0317 0.0009 0.0210 0.0008
ACTERQ 0.0479 0.0015 0.0426 0.0018 0.0313 0.0015
OPTERR 0.0229 0.0005 0.0187 0.0004 ©0.0108 0.0003
P{L/P) 0.4882 0.0219 0.0863 0.0134 D0.0010 0.0006
P(P/Q) 0.3791 0.0205 0.361% 0.0203 0.3978 0.0209
DELTAH 4.3609 0.0502 4.5836 0.0532 4.5334 0.0628

4 ALPHAH 1.0341 0.0226 _2.0654 0.0410 _4.0413_0.0809
APPERL 0.2819 0.0039 0.2776 0.0039 0.2597 0.0039
APPERP 0.2801 0.0038 0.2224 0.0040 0.1277 0.0033
APPERC 0.2540 0.0037 0.2013 0.0035 0.1178 0.0032
ACTERL 0.3304 0.0021 0.3224 0.0018 0.3032 0.0021
ACTERP 0.3355 0.0020 0.2672 0.0017 0.1618 0.0013
ACTERQ 0.3620 0.0025 0.2916 0.0020 0.1795 0.0016
OPTERR 0.3097 0.0015 0.2459 0.0013 0.1433 0.0011
P(L/P) 0.4643 0.0207 0.0112 0.0026 0.0000 0.0000
p(P/Q) 0.4429 0.0193 0.4385 0.0207 0.4585 0.0207
DELTAH 1.1423 0.0189 1.1491 0.0130 1.1413 0.0202

30 ALPHAH 1.0123 0.0148__2.0292 0.0299 _4.1532 0.0630
APPERI 0.0172 0.0012 0.0210 0.0013 0.0244 0.0013
APPERP 0.0169 0.0012 0.0173 0.0012 0.0095 0.0008
APPERC 0.0147 0.0012 0.0158 0.0012 0.0085 0.0008
ACTERL 0.0265 0.0006 0.0296 0.0006 0.0352 0.0008
ACTERP 0.0269 0.0006 0.0236 0.0005 0.0144 0.000%
ACTERQ 0.0306 0.0007 0.0266 0.0006 0.0177 0.0006
OPTERR 0.0218 0.0004 0.0185 0.0004 0.0108 0.0003
P(L/P) 0.5404 0.0200 0.0126 0.0035 0.0000 0.0000
P{P/Q) 0.4236 0.0216 0.4099 0.0204 0.4253 0.0210
DELTAH 4.2224 0.0347 4.2073 0.0362 4.1805 0.0377
ALPHAH 1-.0198 0.0136__2.0432 0.0283 4.0969_0.0608
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Simulation Results Using 200 Replications and Skewness=2

Proportionality d= 2

k n A SUBJECT MEAN STDERR MEAN STDERR MEAN STDEER
APPERL 0.2863 0.0061 0.2843 0.0059 0.2602 0.0059
APPERP 0.2797 0.0060 0.2505 0.0055 0.1813 0.0045
APPERC 0.2588 0.0056 0.2358 0.0054 0.1703 0.0047
ACTERL 0.3306 0.0028 0.3178 0.0023 0.3039 0.0021
ACTERF 0.3396 0.0030 0.2989 0.0022 0.2322 0.0018
ACTERQ 0.3472 0.0029 0.3033 0.0023 0.2357 0.0020
OPTERR 0.3083 0.0014 0.2685 0.0015 0.2040 0.0012
P{L/P) 0.4831 0.0204 0.1853 0.0181 0.0069 0.0026
P(P/Q) 0.3178 0.0199 0.3171 0.0202 0.3272 0.0203
DELTAH 1.1248 0.0301 1.1310 0.0274 1.1921 0.0315

15 ALPHAH 1.1547 0.0354 2.1953 0.0644 4.5710 0.1236
APPERL D0.0163 0.0016 0.0212 0.0018 0.0207 0.0018
APPERP 0.0145 0.0015 0.0155 0.0016 0.0095 0.0012
APPERC 0.0137 0.0015 0.0148 0.0016 0.0091 0.0012
ACTERL 0.0267 0.0006 0.0293 0.0008 0.0331 0.0009
ACTERP 0.0293 0.0007 0.0281 0.0007 0.0199 0.0008
ACTERQ 0.0313 0.0009 0.0297 0.0008 0.0217 0.0009
OPTERE 0.0217 0.0005 0.0208 0.0004 0.0142 0.0003
P{(L/P) 0.4963 0.0205 0.1838 0.0169 0.0134 0.0034
P(P/Q) 0.3666 0.0214 0.3833 0.0210 0.3564 0.0201
DELTAH 4.2356 0.0457 4.1567 0.0524 4.2275 0.0506

2 ALPHAH 1.0443 0.0323_ _2.1795 0.0662 _4.1514_0.1330
APPERL 0.2974 0.0042 0.2936 0.0038 0.2878 0.0040
APPERP 0.2951 0.0040 0.2628 0.0035 0.2008 0.0036
APPERC 0.2837 0.0037 0.2550 0.0037 0.1958 0.0037
ACTERL 0.3154 0.0016 0.3138 0.0017 0.3000 0.0020
ACTEREF 0.3182 0.0016 0.2899 0.0017 0.2214 0.0014
ACTERQ 0.3221 0.0017 0.2890 0.0017 0.2205 0.0014
OPTERR 0.3061 0.0013 0.2724 0.0013 0.2058 0.0012
p(L/P) 0.4941 0.0206 0.0612 0.0094% 0.0002 0.0001

P (P/Q) 0.2378 0.0186 0.2279 0.0187 0.2794 0.0201
DELTAH 1.0726 0.0199 1.0591 0.0185 1.0353 0.0197

30 ALPHAH 1.0472 0.0207 _2.1058 0.0402 _4.1430 0.0800
APPERL 0.0216 0.0013 0.0223 0.0015 0.0228 0.0012
APPERP 0.0212 0.0013 0.0193 0.0013 0.0129 0.0010
APPERG 0.0203 0.0013 0.0178 0.0013 0.0119 0.0010
ACTERL 0.0255 0.0006 0.0271 0.0006 0.0292 0.0006
ACTERP 0.0259 0.0006 0.0244 0.0006 0.0177 0.0005
ACTERQ 0.0269 0.0006 0.0248 0.0006 0.0181 0.0005
OPTERR 0.0226 0.0004 0.0204 0.0004 0.0144 0.0003
p(L/P) 0.5383 0.0192 0.0521 0.0071 0.0004 0.0002
p(P/Q) 0.2534 0.0191 0.2791 0.0200 0.2624 0.0183
DELTAH 4.0858 0.0333 4.1300 0.0355 4.1600 0.0351
ALPHAH 0.9838 0.0162 _2.0487 0.0368 4.1607 0.0856
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TABLE 21
(Continued)
Proportionality d= 2 4

k n SBBJECT HMEAN STDERR MEAN STDERR MEAN STDEER
APPERL 0.2630 0.0053 0.2480 0.0056 0.2455 0. 0058
APPERP 0.2510 0.0052 0.1903 0.0055 0.1180 0.0042
APPERC 0.1870 0.0049 0.1503 0.0047 0.0848 0.0037
ACTERL 0.3502 0.0026 0.3425 0.0028 0.3253 0.0028
ACTERF 0.3579 0.0028 0.2939 0.0025 0.1886 0.0020
ACTERQ 0.3817 0.0027 0.3219 0.0028 0.2217 0.0027
OPTERR 0.3007 0.0013 0.2375 0.0013 0.1396 0.0011
P(L/P) 0.5104 0.0197 0.0892 0-0134 0.0003 0.0001
P(P/Q) 0.2651 0.0179 0.3158 0.0197 0.3062 0.0157
DELTAH 1.3083 0.0282 1.3625 0.0324 1.3077 0.0319
15 ALPHAH 1.0528 0.0201_ _2.1168_0.0456 _4.1123 0.0828
APPERL 0.0165 0.0018 0.0173 0.0018 0.0185 0.0016
APPERP 0.0153 0.0018 0.0120 0.0016 0.0062 0.0009
APPERC 0.0117 0.0014 0.0102 0.0014 0.0057 0.0009
ACTERL 0.0337 0.0009 0.0367 0.0010 0.0408 0.0012
ACTERP 0.0353 0.0070 0.0314 0.0010 0.0226 0.0009
ACTERQ 0.0484 0.0015 0.0418 0.0014 0.0314 0.0015
OPTERR 0.0223 0.0005 0.0188 0.0004 0.0109 0.0003
P(L/P) 0.4929 0.0203 0.1020 0.0130 0.0013 0.0006
P(P/Q) 0.3249 0.0206 ©0.2952 0.0182 0.3337 0.0195
DELTAH 4.3698 0.0562 4.4142 0.0570 4.5540 0.0693
4 ALPHAH 1.0236 0.0212 _1.9866_0.0397 _4.3120_ 0.0948
APPERL 0.2790 0.0040 0.2802 0.0041 0.2603 0.0042
APPERP 0.2713 0.0040 0.2264 0.0037 0.1252 0.0030
APPERQ 0.2349 0.0038 0.2000 0.0037 0.1111 0.0031
ACTERL 0.3350 0.0019 0.3273 0.0019 0.3065 0.0021
ACTERP 0.3389 0.0021 0.2714 0.0016 0.1640 0.0012
ACTERQ 0.3521 0.0022 0.2881 0.0019 0.175% 0.0015
OPTERR 0.3011 0.0013 0.2393 0.0012 0.1396 0.0010
P(L/P) 0.5118 0.0206 0.0072 0.0016 0.0000 0.0000
P(P/Q) 0.3051 0.0195 0.3073 0.0194 0.3250 0.0199
DELTAH 1.1708 0.0204 1.1245 0.0203 1.1794 0.0206
30 ALPHAH 1.0060 0.0143 _2.0439 0.0292 4.0740_0.0570
APPERL 0.0180 0.0012 0.0166 0.0011 0.0215 0.0012
APPERP 0.0179 0.0012 0.0129 0.0011 0.0081 0.0007
APPERC 0.0162 0.0011 0.011S 0.0011 0.06073 0.0008
ACTERL 0.0274 0.0006 0.0295 0.0006 0.0347 0.0008
ACTERP 0.0277 0.0006 0.0241 0.0005 0.0151 0.0005
ACTERQ 0.0309 0.0007 0.0266 0.0006 0.0175 0.0006
OPTERR 0.0226 0.0005 0.0185 0.0004 0.0105 0.0003
p(L/P) 0.5126 0.0200 0.0156 0.0053 0.0000 0.0000
p(P/Q) 0.3120 0.0200 0.3345 0.0209 0.3090 0.0201
41 4.2927 0.0372 4.2762 0.0356

DELTAH 4.2321 0.03
ALPHAH 1.0092 0.0133 _2.0449 0.0308 4.1187 0.0561
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Simulation Results Using 200 Replications and Skewness=3

- e e e -— o o - e e e
— o - - ..---.-----_—-_—--—---—--_-‘-—-“—-—-

Proportionality d= 2

k n A SUBJECT MEAN STDERR MEAN STDERR MEAN STDEER
APPERL 0.2860 0.0056 0.2905 0.0052 0.2845 0.0056
APPERP 0.2738 0.0055 0.2490 0.0053 0.1992 0.0052
APPERQ 0.2500 0.0054 0.2292 0.0054 0.1790 0.0047
ACTERL 0.3216 0.0021 0.3220 0.0021 0.3067 0.0022
ACTERF 0.3318 0.0028 0.2967 0.0022 0.2310 0.0017
ACTERQ 0.3298 0.0025 0.2924 D.0024 0.2265 0.0019
OPTERR 0.2984 0.0014 0.2582 0.0013 0.1970 0.0011
P(L/P) 0.5062 0.0214 0.1881 0.0169 0.0099 0.0020
P(P/Q) 0.1884 0.0160 0.1776 0.0171 0.2031 0.0180
DELTAH 1.1155 0.0280 1.1327 0.0278 1.0918 0.0275
15 ALPHAH 1.0563_0.0309__2.2234_0.0680 _4.2165_0.1200
APPERL 0.0185 0.0016 0.0177 0.0017 0.0240 0.0019
APPERP 0.0178 0.0017 0.0155 0.0016 0.0120 0.0016
APPERQ 0.0153 0.0017 0.0128 0.0016 0.0085 0.0013
ACTERL 0.0282 0.0007 0.0268 0.0006 0.0305 0.0010
ACTERP 0.0300 0.0009 0.0272 0.0007 0.0223 0.0008
ACTERQ 0.0309 0.0009 0.0280 0.0008 0.0222 0.0008
OPTERR 0.0223 0.0005 0.0199 0.0004 0.0150 0.0004
P(L/P) 0.5119 0.0191 0.1765 0.0171 0.0142 0.0035
P(P/Q) 0.1720 0.0159 0.1718 0.0157 0.2028 0.0180
DELTAE 4.2174 0.0463 4.2821 0.0543 4.1659 0.0515
2 ALPHAH 1.0775_0.0307_ _2.2890 0.0684_ _4.4891 0.1344
APPERL 0.2990 0.0038 0.2956 0.0044 0.2842 0.0040
APPERP 0.2953 0.0040 0.2666 0.0042 0.2017 0.0037
APPERC 0.2760 0.0037 0.2432 0.0041 0.1857 0.0032
ACTERL 0.3155 0.0016 0.3160 0.0020 0.3016 0.0017
ACTERP 0.3202 0.0018 0.2879 0.0017 0.2212 0.0015
ACTERQ 0.3155 0.0018 0.2781 0.0017 0.2124 0.0015
OPTERR 0.2981 0.0014 0.2601 0.0014 0.1983 0.0612
P(L/P) 0.5079 0.0193 0.0699 0.0105 0.0002 0.0001
P(P/Q) 0.0734 0.0096 0.0767 0.0110 0.0870 0.C118
DELTAH 1.0560 0.0197 1.0638 0.0210 1.0774 0.0204
30 ALPHAH 1.0309 0.0192 2.0642 0.0395 _4.0613 0.07C7
APPERL 0.0224 0.0014 0.0198 0.0013 0.0232 0.0013
APPERP 0.0224 0.0014% 0.0182 0.0012 0.0135 0.0011
APPERQ 0.0210 0.0013 0.0170 0.0012 0.0125 0.0010
ACTERL 0.0244 0.0005 0.0262 0.0006 0.0279 0.0006
ACTERF 0.0253 0.0006 0.0255 0.0006 0.0184 0.0005
ACTERQ 0.0256 0.0005 0.0247 0.0006 0.0181 0.0005
OPTERR 0.0219 0.0004 0.0208 0.0004 0.0152 0.0004
p(L/P) 0.5040 0.0193 0.0836 0.0107 0.0004 0.0002
0096 0.0983 0.0126 0.0871 0.0123

P{p/Q) 0.0736 0.
DELTAH 4.0646 0.0322 4.1639 0.0353 4.1110 0.0353
ALPHAH 1.0794% 0.0209_ _2.0481 0.0448 4.1374 0.0772
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TABLE 22
{Continued)
Proportionality 4= 1 2

-E“n- SUBJECT ' MEAN STDERR MEAN STDERR MEAN STDEER
APPERL 0.2550 0.0057 0.2560 0.0056 0.2398 0.0055
APPERP 0.2458 0.0056 0.2028 0.0056 0.1080 0.0040
APPERQ 0.1833 0.0050 0. 1457 0.0046 0.0782 0.0035
ACTERL 0.3497 0.0026 0.3477 0.0025 0.3265 00029
ACTERF 0.3564 0.0029 0.2938 0.0024 0.1881 0.0020
ACTERQ 0.3629 0.0028 0.3146 0.00371 0.2135 0.0027
OPTERR 0.2837 0.0015 0.2247 0.0013 0.1334 0.001C
P(L/P) 0.50672 0.0203 0.0875 0.0115 0.0004 0.0002
P(P/Q) 0.1967 0.0156 0.1891 0.0158 0. 1826 D.6152
DELTAH 1.3204 0.0309 1.2754 0.0272 1.3440 0.0332
15 ALPHAH 1.0706 0.0220_ _2.0483 0.0401 _4.1916_0.0835
APPERL 0.0153 0.0016 0.0157 0.0017 0.0180 0.0017
APPERP 0.07148 0.0016 0.0100 0.0013 0.0052 0.0009
APPERC 0.0105 0.0014 0.0075 0.0012 0.0047 0.00CC9
ACTERL 0.0333 0.0008 0.036% 0.0010 0.0392 0.0010
ACTERP 0.0358 0.0009 0.0325 0.0010 0.0232 0.0009
ACTERQ 0.0447 0.0014 0.0422 0.0014 0.0315 0.0016
OPTERR 0.0217 0.0004 0.0182 0.0004 0.0104 0.0003
P(L/P) 0.5021 0.0205 ©0.1099 0.0138 0.0003 0.0001
P(P/Q) 0.2053 0.0171 0.1935 0.0152 0.2183 0.0169
DELTAH 4.3995 0.0572 4.4032 0.0565 4.3915 0.0561
4 ALPHAH 1.0272 0.0227 2.0432 0.0457  4.2657 0.0898
APPERL 0.2851 0.0042 0.2848 0.0045 0.2645 0.0041
APPERP 0.2844 0.0043 0.2278 0.0038 0.1356 0.0035
APPERQ 0.2289 0.0038 0.1876 0.0034 0.1120 0.003¢C
ACTERL 0.3304 0.0018 0.3225 0.0018 0.3037 0.0020
ACTERP 0.3356 0.0019 0.2688 0.0017 0.1641 0.D012
ACTERQ 0.3277 0.0021 0.26098 0.0019 0.1690 0.0014
OPTERE 0.2812 0.0013 0.2280 0.0013 0.1361 0.0CCS
P{(L/P) 0.4964 0.0213 0.0172 0.0047 0.00600 0.00O0C
P(P/Q) 0.1238 0.0130 0.1337 0.0122 0.1247 0.0129
DELTAH 1.1222 0.0198 1.1213 0.0207 1.1607 0.0191
30 ALPHAH 1.0188 0.0146 2.0392 0.0303 _4.005S 0.0513
APPERL 0.0173 0.0012 0.0184 0.0013 0.0216 0.0013
APPERP 0.0168 0.0011 0.0160 0.0012 0.0093 0.0009
APPERC 0.01748 0.0011 0.0136 0.0011 0.0073 0.00C8
ACTERL 0.0281 0.0006 0.0296 0.0007 0.0343 0.0007
ACTERP 0.02%90 0.0006 0.0248 ©.0006 0.0160 0.0004%
ACTERQ 0.0304 0.0007 0.0264 0.0007 0.0176 0.0005
OPTERR 0.0212 0.0004 0.0183 0.0004 0.07174 0.0003
P(L/P) 0.4625 0.0209 0.0125 0.0040 0.0000 0.0000
P(P/Q) O0.1484 0.0132 0.1238 06.0135 0.1399 Q.0145
DFELTAH 4.2281 0.0380 4.2702 0.0397 4.2444 0.0369
ALPHAH 1.0340 0.0158 2.0501 0.0278 3.9855 0.0518
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APPENDIX H

Pre-admission and Academic Achievement Data of

the Nedical Doctoral Program at Texas Tech
University Health Science Center

0BS BCPM OTHER BCATBIO MCATAVG CUMAVG GRCUE

1 3. 49 3.80 10 8.33 71. 34 1

2 3.76 3. 80 9 767 72 51 1

3 3.50 3.62 7 7.67 74. 08 1

4 2. 86 3. 40 9 9. 33 74.09 1

5 2.40 2. 85 7 7.83 74. 83 1

6 3.95 3.91 7 6.50 74. 84 1

7 3. 34 3.30 7 6.50 748.94 1

8 2.59 3. 31 7 b33 75. 36 1

S 3. 68 6. 90 6 7.67 76. 76 1
10 3. 16 3.91 11 9.50 76. 86 1
11 3. 13 3.74 7 6. 83 77.01 1
12 2.53 3. 22 6 5. 33 77.08 1
13 3.44 3.73 6 8.00 77. 14 1
14 3. 32 3.79 7 6.67 77. 29 1
15 3.94 3.73 107 7.83 77.59 1
16 2.69 3.52 10 9. 33 77.72 1
17 3.08 3.70 7 7.33 77. 84 1
18 3. 66 3.25 10 8«67 78. 31 1
i9 3. 31 3.20 9 9.33 78.58 ]
20 3. 82 3.47 9 9.00 78. 58 1
21 3.53 3.87 6 8.00 78.61 ]
22 3.52 4. 00 8 7. 17 78. 61 1
23 3.57 3.74 9 7.67 78.62 ]
24 3.48 3.91 11 8.67 78. 64 1
25 3.90 3.74 6 8.83 78. 68 1
26 3.49 3.85 9 8. 17 78. 68 1
27 3. 26 3.50 9 9. 17 78. 86 1
28 3. 21 3.90 10 8. 17 78« 90 1
29 3. 31 3.65 11 883 78.96 1
30 3.20 2.98 11 9.67 79. 12 1
31 3. 49 3.92 8 9.33 79.12 1
32 3. 40 3.52 7 8. 33 79. 16 1
33 3.71 3.78 9 7.33 79. 28 1
34 2.90 3. 19 9 9. 00 79. 29 1
35 3.23 3.39 12 9.83 79. 36 1
36 3.46 3. 24 9 8. 67 79. 37 1
37 3. 46 3.90 7 8.50 79.43 1
38 3. 27 3. 08 10 8.67 79.53 1
39 3. 38 3. b4 7 8. 00 79.53 1
40 2.87 3.58 10 8. 83 79.80 1
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OBS

BCPH

OTHER

MCATBIO

MCATAVG

CUMAVG

41
42
43
4y
45
4o
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
9
80
81
82
83
84

3.06
3.06
2.98
3.47
3. 22
2.98
3. 51
2.87
3.05
2.90
3.05
4.00
3. 48
3.38
3. 17
3. 84
2.92
3.80
3.03
3. 91
3.7¢6
3.37
3.40
2. 84
3.22
3.28
3. 51
3. 13
3. 17
3.76
3.80
2.57
3. 23
3. 40
3. 29
3.01
3. 06
3.53
3. 62
3. 47
3. 10
3.83
3.30
2.91

3.54
3. 36
3. 14
2. 86
3.40
3.71
3.62
3. 17
3.75
3. 38
3.50
4.00
3.55
3.85
3.33
4. 00
2.87
4.00
3.23
3.89
4.00
3.64
3.13
2.92
3.65
3.72
3.94
3. 74
3.82
3.56
3.94
2.91
3.53
3. 54
3. 51
3. 84
2.91
3.77
2.65
3.66
3.51
3.95
3.865
2.00
3.84

WO W NN O

9.67
7.83
6.67
8.67
8.50
7. 17
7.67
9.50
9.83
7.67
7.50
9.83
8«17
7.83
8.67
8.50
10.67
7.50
8.83
10. 00
8.67
7.67
7.50
10.00
8. 17
8.50
8.33
8.50
8.33
7.83
8. 17
9.00
9.00
6.50
8.17
8. 17
10.67
7.50
9.67
9.00
10.67
8. 17
8.50
6. 17

79.91
79.92
79.96
80. 16
80.22
80. 22
80.22
80. 26
80.42
80. 57
80.58
80.61
80.61
80. 82
81. 09
81.13
81.18
81. 21
81. 26
81. 34
81. 39
81. 46
81.55
81. 72
81.74
81.96
81.97
82.08
82.20
82. 20
82. 29
B2« 56
82.68
82. 68
82.70
82.75
82.82
82.83
82.95
83.00
83.03
83.05
83. 16
83. 16
83. 26
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0BS

BCPM

OTHER

MCATBIOD

MCATAVG

CUMAYVG

GROUP
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3.47
3. 25
3.76
3.29
3. 26
3.77
3.15
3.77
3.75
3.33
3. 17
2.57
3.56
3.78
3.00
3.00
2.96
2.95
3.51
3.59
3.01
3. 47
3.75
3.57
3.05
3.96
3.26
3.73
3.37
3.67
3. 24
3.56
3.15
3.63
3.62
3.87
3.74
3.93
3.41
2.90
3.04
3.90
3.52
3.00

2.92
3. 47
3. 84
3.92
3.08
3.16
3.54
3.70
4.00
3. 68
3. 17
2.96
4.00
3.7
3.69
3.73
2.96
3.50
3.62
3.18
3. 31
3.58
3. 38
3.83
3.29
3.46
3.75
3.53
3.95
3.88
3.08
4.00
3.70
3.55
4. 00
3.75
3.94
4. 00
3. 42
2.88
3.82
4.00
3. 29
3.65

10
7
9

IR

11

1"
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and
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b ombd web
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-d b apd oud

12

8. 67
8.67
S5.67
8. 83
11. 17
9.17
10.67
9.00
7.67
9.50
8. 00
9.00
B. 17
8. 00
7.00
8.67
10. 00
8.33
3.00
8.67
9.50
8.33
8. 83
8.33
8. 33
8. 50
8. 43
5.83
7. 17
8.83
10. 17
9.00
8. 33
8.33
7. 17
9.17
7.83
8. 50
8. 83
10.00
9. 33
12.17
8« 50
9.00
8.50

83. 29
83. 30
83. 41
83.50
83. 58
83.74
83. 76
83.79
83.95
84.12
84. 18
84.21
84. 39
84.47
84. 91
84.92
84.96
85.00
85. 16
85. 16
85. 29
85. 33
85. 47
85.70
85. 80
86.08
86. 36
86.80
87. 08
87. 21
87. 36
88.08
88. 54
88.57
88. 58
89. 17
89. 33
89.92
89. 96
90. 05
91.00
91. 74
91.79
92.03
92.55
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