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Two selected tables of ARE's with the PCS and the LCS 

are shown in Tables 8 and 9- Various selected plots are 

shown by Figures 12 through 21 in Appendix E- Notice that 

in order to prevent blocking of the shape on these plots, 

the ARE in the region where Cx< 0 was set to zero while it 

is actually one. The reason that the ARE goes to one is 

attributed to the fact that one of their probability 

distributions is dominated by the other and the optimal rule 

is to classify every observation into one of the 

populations. Under this circumstance, one DF is as good as 

the other. 

3.3.3 Interpretation and Conclusions 

By reviewing the resulting tables and plots, the 

following conclusions can be made: 

(1) With linear covariance structure: 

(i) The ARE plots are all symmetric to P1=P2=0-5 

along the axis of pl (see Figures 8 through 11 

in Appendix E) -

(ii) Both ARE (P/L) and ARE (Q/P) are decreasing 

functions of A » if A-^. 

(iii) ARE (Q/P) is an increasing function of 

min(pl,p2). 

(iv) The regions of the largest ARE (P/L) and ARE (Q/P) 

are all delimited by 2<A^^. These regions are 

of particular interest since differences in 
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performances of the three estimated DF's are 

small enough that selection of the best DF is 

difficult and requires scrutiny. 

(2) With proportional covariance structure: 

(i) Group distance and a priori probability tend to 

have more influence on ARE(Q/P) than the 

proportionality, d- This can be verified by the 

differences in the plot shapes (see Figures 12 

through 21 in Appendix E)-

(ii) When pl=p2=0-5 and A ^ r̂ the ARE (Q/P) is a 

decreasing function of A (see Figure 13 in 

Appendix E)- This finding is in agreement with 

the conclusions drawn from the case using the 

LCS-

(iii) It can be seen from Figures 12, 13, and 14 in 

Appendix E that the region of the largest 

ARE (Q/P) is delimited by 2<A-^- This result 

suggests that further investigation on the 

estimated DF should be made within this region 

usijig finite samples-

(iv) The ARE (Q/P) is a decreasing function of d if 

P1=P2=0-5 and 2<A-^ (̂^̂  Figure 13 in Appendix 

E) - This suggests that only a small region, say 

d<4, needs to be considered in the study using a 

finite sample-
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TABLE 8 

Asymptot i c R e l a t i v e E f f i c i e n c y of the QDF to tne PQDF 
with t h e PCS 

d A 

0-5 
1.0 
1.5 

1 .0 2 -0 
2 -5 
5 -0 

10-0 
0 -5 
1-0 
1-5 

1.5 2 .0 
2 . 5 
5 .0 
0 .5 
1-0 
1-5 

2 . 0 2 - 0 
2 -5 
5-0 
0-5 
1-0 
1-5 

3 . 0 2 . 0 
2 .5 
5-0 
0-5 
1.0 
1.5 

4 . 0 2 . 0 
2 . 5 
5 .0 
0-5 
1-0 
1-5 

6 . 0 2 .0 
2 .5 
5-0 
0-5 
1-0 
1-5 

15-0 2 . 0 
2 -5 
5-0 

0 .10 

. 5 0 8 2 2 5 
. 6 1 5 4 9 0 
- 7 8 3 6 58 
- 8 6 4 8 0 7 
- 890594 
- 6 8 3 9 4 5 
- 5 3 4 9 1 2 

1 -000000 
1 .000000 

. 7 5 6 9 6 4 

. 8 5 6 9 6 9 

. 8 7 8 8 1 4 
- 6 8 1 7 1 1 

1 .000000 
1 .000000 

. 7 1 6 9 2 7 
- 8 7 4 1 6 7 
- 8 7 5 0 2 9 
. 6 5 8 2 24 

1 .000000 
1 .000000 

. 8 4 9 2 6 2 
-8384 17 
- 8 6 6 7 7 2 
- 6 3 9 4 6 4 

1 -000000 
1 -000000 

- 8 9 2 7 3 7 
- 8 0 6 0 3 2 
. 8 2 2 4 4 2 
- 6 2 6 3 84 

1 .000000 
1 -000000 

. 8 7 4 1 6 2 

. 7 7 5 8 26 

. 7 5 0 0 5 4 
- 6 0 9 6 5 9 
- 8 7 9 1 9 4 
. 8 1 4 2 1 5 
. 7 3 7 6 13 
. 6 8 0 4 8 8 
. 647660 
. 5 8 1 9 8 7 

P r i o r 
0 -25 

. 5 7 1 8 6 7 

. 7 6 8 1 6 4 

. 8 5 4 1 9 9 

. 8 9 62 02 
. 9 0 7 4 0 3 
. 7 2 5 4 86 
- 5 6 0972 

1 .000000 
. 8 1 8 8 0 8 
. 8 6 2 5 7 7 
. 8 8 7 2 1 3 
. 8 9 0 1 8 9 
. 7 3 5 1 6 8 

1 .000000 
. 7 9 7 0 1 0 
. 8 7 9 5 1 3 
.884124 
. 8 7 3 8 8 0 
. 7 0 3 1 0 9 
. 9 6 5 4 6 4 
. 8 2 0 8 3 4 
. 8 0 6 1 6 8 
. 8 5 0 9 4 9 
. 8 4 3 9 7 8 
. 6 8 7 1 7 2 
. 9 0 9 1 6 1 
. 8 0 9 6 2 6 
. 7 7 2 3 0 9 
. 7 9 6 2 8 2 
. 8 0 7 6 5 4 
- 6 7 6 1 8 2 
. 8 3 0 1 5 0 
. 7 7 4 3 7 0 
. 7 3 9432 
. 7 3 8 6 3 9 
.74 8771 
- 6 6 2 0 5 0 
. 7 2 2 0 7 5 
. 7 0 4 1 9 1 
. 6 8 6 5 3 3 
. 6 7 6 0 7 6 
. 6 7 2 7 1 1 
. 6 3 8 0 2 6 

P r o b a b i l i t y 
0 .50 

. 7 9 8 0 8 2 

. 8 3 0 5 7 9 

. 8 7 0 1 9 9 

. 9 0 0 0 0 0 

. 9 0 7 8 33 
.74 7599 
.5762 46 
. 7 8 3 2 0 8 
. 8 4 6 7 5 1 
. 872136 
. 8 9 6 9 9 1 
. 9 0 3 0 2 9 
. 7 7 3 8 7 0 
. 7 4 6 7 85 
. 8 2 6 4 2 5 
. 8 7 7 0 4 2 
.892792 
. 8 9 4 7 1 0 
. 7 4 2 1 3 5 
. 7 5 2 0 6 8 
- 7 7 2 5 7 5 
-836388 
-876968 
-878587 
-734657 
- 7 5 7 6 7 1 
. 7 6 3 5 9 1 
-8019 02 
-846597 
- 8 6 0 2 4 8 
.728723 
. 7 6 3 4 3 0 
. 7 6 2 1 9 5 
. 777151 
. 8 0 5 0 05 
. 824323 
-720246 
- 7 6 8 5 5 0 
-763461 
-760234 
.761353 
. 7 6 4 5 9 0 
.704054 

One 
0-75 

- 5 7 1 8 6 7 
. 7 6 8 1 6 4 
. 8 5 4 1 9 9 
. 8 9 6 2 0 2 
. 9 0 7 4 0 3 
. 7 2 5 4 8 6 
- 5 6 0 9 7 2 
. 6 6 7 6 1 5 
. 7 9 4 6 9 5 
. 8 6 6 9 05 
. 9 0 6 8 2 1 
. 9 1 8 0 8 0 
-756 984 
- 6 9 1 4 8 7 
- 8 1 9 0 6 9 
. 8 8 3 6 6 0 
. 9 1 5 1 8 0 
- 9 2 2 4 5 3 
. 7 3 5 7 1 3 
. 7 3 3 0 9 9 
- 8 0 7 5 8 1 
-886485 
- 9 2 3 7 6 7 
-925375 
- 7 3 5 3 6 0 
-766194 
- 8 0 7 8 4 6 
- 869099 
. 9 1 4 5 9 1 
. 9 2 1 9 2 4 
. 7 3 3 4 6 2 
-805125 
- 8 2 1 1 3 2 
- 8 5 3 0 6 7 
- 8 8 8 3 4 8 
- 9 0 2 9 6 1 
- 7 2 9 3 8 2 
- 8 5 4 9 5 9 
- 8 5 2 2 6 5 
- 8 5 1 5 0 2 
. 8 5 2 9 8 4 
- 8 5 1 8 5 6 
. 7 1 9 3 5 3 

0 . 9 0 

. 5 0 8 2 2 5 
- 6 1 5 4 9 0 
- 7 8 3 6 5 8 
- 8 6 4 8 0 7 
. 8 9 0 5 9 4 
. 6 8 3 9 4 5 
- 5 3 4 9 1 2 
. 5 8 6 9 2 6 
- 7 1 5 2 7 4 
- 8 2 8 0 2 8 
- 8 8 5 9 7 5 
- 9 0 5 0 2 1 
- 7 0 5 4 5 8 
. 6 4 4 9 6 9 
. 7 7 7 2 0 1 
. 8 6 2 1 7 7 
. 9 0 3 9 0 5 
. 9 1 5 0 7 8 
. 6 9 4 5 2 4 
- 7 1 1 4 6 4 
- 8 1 3 0 6 0 
- 8 9 5 7 3 0 
- 9 2 8 7 3 7 
. 9 2 8 2 8 5 
- 6 9 3 4 5 1 
-7603S6 
. 8 2 3 4 6 5 
. 8 9 3 5 9 2 
- 9 3 3 8 3 5 
- 9 3 3 7 1 3 
. 6 9 0 7 8 9 
. 8 2 1 9 1 9 
. 8 4 5 7 9 9 
. 8 8 4 2 2 8 
. 9 1 9 3 8 2 
. 9 2 5 9 2 5 
- 685514 
- 9 0 5 1 3 7 
. 8 9 7 7 9 8 
- 8 9 2 2 0 2 
- 8 8 8 3 1 1 
- 8 7 8 0 8 4 
. 6 7 3 0 8 4 
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TABLE 9 

Asymptotic Relative Efficiency of the PQDF to the LDF 
with the LCS 

P r i o r P r o b a b i l i t y One 
0-10 0-25 0 .50 

A >̂ = 1 2 1 2 1 2 

0.1 .004174 .008330 .016843 .033387 .668332 .728098 
0 .3 .039848 .077911 .168766 .300108 .681552 .734567 
0 .5 .123691 .227785 .509340 .675200 .707412 .746996 
1.0 .658484 .772837 .998196 .876013 .816327 -796020 
1-5 .999564 .889306 .951787 .861450 -942285 .850838 
2 .0 .938577 -864633 -986293 -884725 1.000000 -888889 
2 . 5 .964744 .880375 .992060 -904400 -941852 .898476 
5 .0 -491139 -715658 .389739 .677401 -344725 .662364 

10-0 -091960 -219917 -086050 .248464 . 0 8 2 8 0 3 - 2 6 4 6 3 1 

3.4 Conparisons through Honte Carlo Si aulat ion 

3 . 4 - 1 S e l e c t i o n of Experinental Variables 

The Monte Ca r lo s i m u l a t i o n t echn ique was a p p l i e d t o t h e 

f i n i t e sample i n v e s t i g a t i o n . The v a l u e s of t h e p a r a m e t e r s 

for t h e s i m u l a t i o n s t u d y were s e l e c t e d using the a n a l y t i c 

r e s u l t s and e i g h t p i l o t r u n s - The asympto t ic r e s u l t s 

sugges t t h a t t h e r e g i o n d e l i m i t e d by 2<A^^ and d<4 should 

be i n v e s t i g a t e d under sma l l sample c o n d i t i o n - The p i l o t 

runs were made u s i n g A=2#^ and d=4 a s t h e v a l u e s of t h e 

pa ramete r s - While t h e t r a i n i n g sample s i z e was 30, four 

d i f f e r e n t c o m b i n a t i o n s of e v a l u a t i o n sample s i z e 

(N=500,1000) and exper imen t r e p l i c a t i o n (r=200,100) were 

used. I t was found t h a t N=500 and r=200 give the s m a l l e s t 

s t a n d a r d e r r o r of e s t i m a t e . 
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The CPU time of each simulation run with k=2 took 

approximately eight minutes on the ITEL AS/6 computer- For 

k=4, it took almost sixteen minutes. Thus, higher 

dimensions will require more CPU time for each run. The 

required CPU time can be approximated by CPU=0.15r*0.0045rN 

when k=2. 

The covariance structure used in the simulation study 

was parameterized to generate either the LCS, PQCS or the 

QCS. A matrix, Sk, was constructed to generate these three 

covariance structures. The Sk matrix is given by : 

(3.33) Sk= 

k-k 1 
( / ) 

1*s k-1 2 
( ) 

2 

k-2 1 
( / ) 

1*s k-1 2 
( ) 

2 

k-1 1 
( /) 

1 *s k-1 2 
( ) 

2 

where s i s a skewness parameter, 

The covar iance matrix of the second population i s then 

obtained from the f o l l o w i n g equat ion: 

(3.34) ¥= Sk d l Sk, 
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where I i s a k X k i d e n t i t y matrix- The mean vector of 

population 1 was assumed t o have equal elements for a l l 

experiments-

The f lowchart of the computer s imulat ion procedure i s 

provided in Appendix F- The parameter values used were 

k=2 ,4 , n = 1 5 , 3 0 , A=1r^* d = 1 , 2 , 4 , and s = 1 , 2 , 3 . The 

evaluat ion sample s i z e and the experiment r e p l i c a t i o n were 

500 and 200, r e s p e c t i v e l y - The assumptions of equal sample 

s i z e and equal a p r i o r i p r o b a b i l i t i e s were made here so as 

to reduce the number of experimental combinations. 

3 . 4 - 2 Generalized Likel ihood Ratio Tes t of Proport iona l i ty 

Based on the t ra in ing sample, two genera l i zed 

l i k e l i h o o d r a t i o t e s t s were conducted- A p-value for each 

t e s t was recorded. The general ized l ike l ihood t e s t i s 

defined below-

To t e s t 

HO: ¥1=¥2 (LCS) 

HI: ¥1= (1/d) ¥2 (PCS) 

and 

HO: ¥1= (1/d)¥2 (PCS) 

HI: ¥lit (1/d) ¥2 (QCS) , 

the t e s t s t a t i s t i c s are r e s p e c t i v e l y a s f o l l o w s : 

(3.35) t (L/P)= -2 log A (1./P) 

and 
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( 3 . 3 6 ) t ( P / Q ) = - 2 l o g A (P/Q) * 

where 

I'(X1,X2,S) 
^(L/P) = — — — 

i ' (XlrX2 ,S ,d ) 

and 

I-(XlrX2,S,d) 
A(P/Q) = , 

L(X1,X2,S1,S2) 

and where L ( X 1 , X 2 , S ) , L (X l ,X2 ,S ,d ) , and L (X1,X2,S1,S2) are 

de f ined by Equat ions (D-5 ) , (D-11) , and (D-16) in Appendix 

D, r e s p e c t i v e l y -

For t h e f i r s t t e s t , t h e t e s t s t a t i s t i c t (L/P) has a 

c h i - s q u a r e d i s t r i b u t i o n with one degree of freedom- The 

t e s t s t a t i s t i c t ( P / Q ) , however, has a c h i - s q u a r e 

d i s t r i b u t i o n with k ( k * 1 ) / 2 - 1 degrees of freedom- The two 

p - v a l u e s were found t o have poor c o r r e l a t i o n with t h e e r r o r 

r a t e s ( l e s s than 0 - 3 ) -

3 . 4 . 3 D e l i n i t a t i o n o f t h e Dominant Reg ions 

The e s t i m a t e d e x p e c t e d e r r o r r a t e s r e s u l t i n g from each 

s i m u l a t i o n run are provided i n Appendix G. The v a r i a b l e s 

shown i n t h e s e t a b l e s shou ld be i n t e r p r e t e d a s f o l l o w s : 

MEAN = E s t i m a t e d expec ted value of the e r r o r r a t e , 

STDERR = Standard e r r o r o f e s t i m a t e , 

APPEEL = Apparent e r r o r r a t e of t h e LDF, 

APPERP = Apparent e r r o r r a t e of t h e PQDF, 
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APPERQ = Apparent e r r o r r a t e of t h e QDF, 

ACTERL = E s t i m a t e d a c t u a l error r a t e of the LDF, 

ACTERP = Es t imated a c t u a l e rror r a t e of t h e PQDF, 

ACTERQ = E s t i m a t e d a c t u a l error r a t e of the QDF, 

P(L/P) = The p - v a l u e o b t a i n e d from t h e GLH t e s t f o r 

LCS v s . PCS, 

F(P/Q) = The p - v a l u e o b t a i n e d from the GLR t e s t f o r 

PCS v s . QCS, 

DELTAH = Computed group d i s t a n c e , 

ALPHAH = E s t i m a t e o f c o e f f i c i e n t of p r o p o r t i o n a l i t y , 

d. 

I t can be s e e n from Appendix G t h a t : 

(1) When d=1, t h e LDF.'is t h e b e s t DF e x c e p t one c a s e 

where k=4, n=30, skewness=3 , and A^'l where the 

QDF i s t h e b e s t . T h i s means t h a t the QDF w i l l 

outperform t h e LDF and the PQDF when t h e group 

d i s t a n c e i s s m a l l , t h e skewness i s h i g h , and the 

sample s i z e i s l a r g e r e l a t i v e t o t h e number of 

v a r i a b l e s . 

(2) When d=2, A = ^ * and n=15, the LDF i s more 

e f f i c i e n t than the QDF- Thi s i m p l i e s t h a t t h e LDF 

w i l l outperform the QDF i f the sample s i z e i s 

s m a l l and t h e group d i s t a n c e i s l a r g e , even when 

t h e p o p u l a t i o n c o v a r i a n c e s are unequal-

(3) If d#1 and s k e w n e s s < 2 , the PQDF i s the b e s t DF 

e x c e p t when k=2, n=30, A = 1' and d=2,4 where QDF 
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is best. This indicates that the QDF will 

outperform the PQDF with sufficiently large sample 

and small group distance-

(4) When k=4 and di^l, the PQDF is the best DF among 

the three- This verifies the belief that high 

dimensionality will increase the efficiency of the 

PQDF relative to the LDF and the QDF. However, if 

k=2, skewness=3, and dî l, the QDF is the best DF 

except when n=15, A=^# and d=2 where the LDF is 

the best- This suggests that when the sample size 

and the coefficient of proportionality are small 

but the group distance is large, the LDF may 

outperform the PQDF and the QDF even if the 

population covariances are nonproportional and 

highly skewed. 

(5) If d#1, the PQDF outperforms the LDF except when 

k=2, A = ^ * n = 15, skewness=3, and d=2 where the LDF 

is the best DF- ISiis indicates that with small k 

and n, but large A r ^^^ ^^^ "̂ ay outperform the 

PQDF and the QDF even if the population 

covariances are unequal and nonproportional-

(6) The PQDF is the dominant DF when k=4 and d#1-

This findinq suggests that the PQDF should be the 

chosen rule if the dimensionality is not small 

relative to the sample size, and the population 

covariances are unequal-
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The number of times that either the LDF, the PQDF, or 

the QDF outperformed the others during 200 replications was 

recorded and tabulated in Table 10. It was found that the 

dominant regions are similar to those delimited anove except 

that (1) when k=2, n=15, A = 1# d=4, and skewness=1,3, the 

dominant DF is the QDF, and (2) when k=2, n=15, A = ̂» d=2, 

and skewness=2,3, the dominant DF is the LDF-

According to the estimated expected actual error rates 

provided in Appendix G, the relations of these error rates 

to an increasing population parameter can be summarized as 

follows: 

(1) The rate of change of the estimated expected error 

rates resulting from the change of A i^ much higher than 

those from the changes of k, n, d, and the skewness 

parameter, s, in all cases examined-

(2) The actual error rates of all these three DF's are 

decreasing with n or A i^ all cases examined-

(3) The ACTERL is increasing with k in all cases, and 

(i) decreasing with d if k=2, except the cases where A = 1# 

s=3, and A = ^ r n = 15, s=3, (ii) increasing with d in all 

cases if k=4-

(4) The ACTERP is (i) decreasing with k if A = 1 and 

d#1, (ii) increasing with k in all cases if d=1, or if s=1, 

A=^# and n=15, (iii) increasing with k if s=1, A=^# and 

n=30, except one case where d=4, (iv) decreasing with d 

except one case where k=2, n=30, ^=^, and s=3-
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TABLE 10 

Occurrence of Best Discr iminant Function during 200 Runs 

k A n 

15 

30 

2 

15 

30 

15 

4 

30 

15 

30 

Best 

LDF 
PQDF 
QDF 

LDF 
PQDF 
QDF 

LDF 
PQDF 
QDF 

LDF 
PQDF 
QDF 

LDF 
PQDF 
QDF 

LDF 
PQDF 
QDF 

LDF 
PQDF 
QDF 

LDF 
PQDF 
QDF 

1 

131 
48 
21 

120 
49 
31 

136 
39 
25 

117 
45 
38 

125 
63 
12 

131 
58 
11 

139 
33 
28 

125 
46 
29 

1 

2 

110 
52 
38 

98 
58 
44 

125 
49 
26 

116 
44 
40 

127 
54 
19 

108 
58 
34 

128 
50 
22 

121 
47 
32 

Proport 

3 

81* 
44 
75 

78 
36 
86 

117 
32 
51 

120 
37 
43 

92 
45 
63 

69 
23 
108 

135 
33 
32 

107 
41 
52 

Ske 
1 

41 
113 
46 

30 
115 
55 

81 
83 
36 

58 
104 
38 

7 
180 
13 

1 
181 
18 

63 
114 
23 

44 
120 
36 

iona 

2 

lity 

wn ess 
2 

36 
95 
69 

16 
79 
105 

89 
76 
35 

58 
104 
38 

4 
162 
34 

2 
164 
34 

56 
122 
22 

45 
113 
42 

3 

16 
69 
115 

6 
53 
141 

79 
77 
44 

68 
78 
54 

8 
132 
60 

1 
104 
95 

63 
104 
33 

52 
101 
47 

d 

1 

2 
146 
52 

0 
147 
53 

34 
121 
45 

18 
138 
44 

0 
193 
7 

0 
186 
14 

27 
143 
30 

7 
154 
39 

4 

2 

0 
116 
84 

0 
94 
106 

22 
126 
52 

15 
131 
54 

0 
180 
20 

0 
149 
51 

25 
132 
43 

9 
142 
49 

3 

1 
70 
129 

0 
59 
141 

37 
97 
66 

11 
113 
76 

0 
161 
39 

0 
120 
80 

27 
136 
37 

7 
133 
6C 

* The number underscored i n d i c a t e s the best d iscr iminant 
funct ion among the three within each c e l l . 
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(5) The ACTERQ is decreasing with d in all cases 

examined, but (i) increasing with k if d=1 in all cases, 

(ii) increasing with k if A = ^ / except two cases where 

n=30, d=4, and s^tl. 

(6) The relations of these three error rates to s, 

shown in Table 11, are complicated- However, with d=4 and 

A = 1# the ACTERQ is decreasing with s-

TABLE 11 

The Relation of the Estimated Expected Actual* Error Rates 
to the Skewness 

Rel 

k 

2 

4 

ation* oi 

A 

1 

4 

1 

4 

n 

15 
30 

15 
30 

15 
30 

15 
30 

: 1 ACT] 

1 

A 
V 

* 

A 

A 
A 

i _ 

• 

SRL i 

d 

2 

V 
• 

A 
A 

+ 
A 

A 
V 

LO S 

4 

• « • 

* 

A 
— 

V 
A 

A 
— 

1 ACTE 

1 

A 
V 

+ 
A 

A 
A 

V 
•f 

RP 

d 

2 

-

A 

A 
+ 

A 
A 

V 
• 

t o s 

4 

-
— 

V 
• 

A 
4 

•I-

* 

J i ̂ CTl 

1 

-
^ 

A 
A 

— 
• ^ 

A 
A 

SRQ 1 

d 

2 

— 
"~ 

A 
A 

— 

"̂  

V 
— 

:o s 1 

4 1 

— j 
"" a 

V a 
A 1 

— 1 
• ^ 1 

+ 1 

V J 

n.ii 

"A" 
nyii 

the ACTEER is increasing with increasing skewness 
the ACTERR is decreasing with increasing skewness 
the ACTERR goes up and then down with skewness 
the ACTERR goes down and then up with skewness 
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3-4-4 Relative Eff ic iency with Fin i te Sample S izes 

The r e l a t i v e e f f i c i e n c y of t h e PQDF t o t h e LDF and QDF 

i s d e f i n e d a s t h e r a t i o of t h e d e v i a t i o n s of t h e e x p e c t e d 

a c t u a l e r r o r r a t e s from t h e o p t i m a l e r r o r r a t e - T h e r e f o r e , 

t h e r e l a t i v e e f f i c i e n c i e s of t h e PQDF t o t h e LDF and t h e QDF 

a r e d e f i n e d , r e s p e c t i v e l y , b y : 

E (ACTERL) - OPT ERR 
(3-37) RE (P/L) = 

E (ACTERP)- OPT ERR 

and 

E (ACTERQ) - OPTERR 
(3-38) RE(P/Q) = 

E (ACTERP)- OPTERR-

S i n c e t h e e x p e c t e d a c t u a l e r r o r r a t e s and t h e o p t i m a l 

e r r o r r a t e a r e n o t a v a i l a b l e h e r e , t h e i r e s t i m a t e s p r e s e n t e d 

i n Appendix G were used t o compare t h e r e l a t i v e e f f i c i e n c y 

(RE) of t h e PQDF t o t h e LDF and QDF- The r e s u l t i n g 

e s t i m a t e d E E ' s a r e g i v e n i n T a b l e 12- P l o t s of e s t i m a t e d RE 

with s k e w n e s s = 1 , 3 a r e shown by F i g u r e s 22 t n r o u g h 37 i n 

Appendix E- N o t i c e t h a t i n t h e s e f i g u r e s , " * " d e n o t e s a 

v a l u e of 1 f o r d , " x " a v a l u e of 2 , and " * " a v a l u e of 4 . 

The dominan t r e g i o n s d e l i m i t e d by t h e s e two E E ' s a r e 

i d e n t i c a l t o t h o s e d e l i m i t e d by t h e e s t i m a t e d e x p e c t e d 

a c t u a l e r r o r r a t e s d i s c u s s e d in S e c t i o n 3 . 4 . 3 . The 

r e l a t i o n s of t h e RE(P/L) and t h e RE(P/Q) t o an i n c r e a s i n g 

p o p u l a t i o n p a r a m e t e r a r e e x h i b i t e d by T a b l e s 13 t h r o u g h 17 . 

I t can be s e e n from T a b l e 12 t h a t : 
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TABLE 12 

The R e l a t i v e E f f i c i e n c y of the PQDF t o the LDF and t h e QDF 
with F i n i t e Sample S i z e s 

P r o p o r t i o n a l i t y d 

^ A R . E . 1 
Skewness 

1 2 3 

15 

1 
30 

2 
15 

30 

15 

30 

15 

30 

(P /L ) 
(P/Q) 

( P A ) 
(P/Q) 

( P / l ) 
(P/Q) 

( P A ) 
(P/Q) 

(P /1 ) 
(P/Q) 

( P A ) 
(P/Q) 

( P A ) 
(P/Q) 

( P A ) 
(P/Q) 

0 .68 
1-44 

0-66 
1-59 

0-56 
1.31 

0 .83 
1.20 

0-89 
1-70 

0-80 
2 . 0 2 

0 .80 
1.77 

0 .92 
1.71 

0 . 7 1 
1-24 

0 - 7 7 
1 -33 

0 . 6 6 
1 -27 

0 - 8 8 
1 -33 

0 . 8 7 
1 . 4 2 

0 . 9 0 
1 . 3 5 

0 - 8 7 
2 - 0 1 

0 - 9 3 
1 . 6 2 

0 -69 
, 0 .94 

0 -79 
0 -79 

0 -77 
1-11 

0 . 7 2 
1.09 

0 - 9 1 
1 -09 

0 .90 
0 . 8 5 

0 . 8 2 
1.63 

0 -88 
1- 17 

1-54 
1-32 

2 . 7 2 
1 .43 

1-26 
1 -32 

2 - 3 6 
' 1 -51 

1-98 
1 -82 

3 - 6 0 
2- 15 

1-31 
1-84 

2 - 19 
1-60 

1-62 
1-15 

2 - 3 6 
0 . 9 5 

1 .17 
1-22 

1-66 
1-10 

1-86 
1-50 

2 -74 
1 .52 

1-41 
1 .81 

1 .95 
1-44 

1-66 
0-89 

2 . 0 1 
0 .65 

0 .95 
1-11 

1-15 
0-86 

1-74 
1-30 

2 . 3 2 
1.03 

1-25 
1.68 

1.74 
1.24 

3 - 8 6 
1-39 

7 . 5 6 
1-37 

3- 20 
1-41 

6-54 
1-29 

4 - 2 1 
1-93 

8 -68 
1-96 

2- 95 
2 - 0 1 

6 . 8 8 
1- 94 

3 - 5 5 
1-13 

6 . 0 4 
0 . 9 4 

3 . 3 3 
1 .32 

4 - 5 6 
1-12 

3 - 7 9 
1 -68 

6 - 8 5 
1-47 

2 . 5 5 
1 .75 

5 - 2 2 
1-50 

3 - 2 2 
0 -87 

4 . 5 0 
0 -62 

2 - 1 4 
0 . 9 9 

3 . 9 3 
0 . 8 8 

3 -53 
1 .47 

5 . 9 8 
1 .18 

2 . 2 6 
1 .65 

4 . 9 2 
1-33 

(1) When d=1, t h e RE ( P A ) i s l e s s than one i n every 

case examined- I f skewness=1r the RE (P/Q) i s g r e a t e r than 

one in every c a s e - Both the RE (P/L) and the RE (P/Q) are 

g r e a t e r than one i n e v e r y c a s e i f k=4 and d#1-

(2) When skewness=1 and o t h e r parameters being f i x e d , 

the RE (P/L) i s ( i ) i n c r e a s i n g wi th d in a l l c a s e s examined. 
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( i i ) i n c r e a s i n g with n i f A ^ l * ( i i i ) decreasing with ^ 

i f n=15, and (iv) increas ing with k except two cases where 

n=15, d=4, A = ^ and n=30, d=2, A = ^ . The RE(P/Q) i s 

(1) i n c r e a s i n g with k in a l l cases examined, 

( i i ) increas ing with A i f n=15 and k^2, ( i i i ) decreasing 

with A i f n=30, except one case where k=2 and d=2, 

(iv) increas ing with n i f A = 1# except one case where k=2 

and d=4, (v) decreas ing with n i f A = ̂ f except one case 

where k=2 and d=2, and (vi) increas ing with d i f n=15, 

except one c a s e where k=2 and A = 1 -

(3) When skewness=2 and other parameters being f i x e d , 

the RE (P/L) i s ( i ) i n c r e a s i n g with e i t h e r d or n in a l l 

cases examined, ( i i ) increas ing with k except the case 

where n=15, A"^* and d=4, and ( i i i ) decreasing with A i f 

d#1. The RE (P/Q) i s (i) increas ing with k in a l l cases 

examined, ( i i ) i n c r e a s i n g with A except the case where 

n=30, k=4, and d=2, ( i l l ) decreasing with d i f k=2 and 

A=1# and ( iv) decreas ing with n except three cases where 

k=4, A = 1# d=2 and k=2, A=1r^f d=1-

(4) When skewness=3 and other parameters being f i x e d , 

the RE (P/L) i s ( i ) i n c r e a s i n g with e i t h e r k or d in a l l 

cases examined, ( i i ) i n c r e a s i n g with n i f d#1, and 

( i i i ) decreasing, with A except the case where n=15, k=2, 

and d=1. The RE (P/Q) i s (i) increas ing with e i t h e r k or A 

and decreasing with n, in a l l cases examined, 

( i i ) increas ing with d i f k=4, A^^# and n#15, and 

( i i i ) decreasing with d i f k=2, n#30, and A 5̂ -̂
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The relations of the two RE's to the population 

parameters can be summarized as follows: 

(1) The RE(P/L) is, most often, increasing with the 

number of variables, k, if the group distance is not large 

relative to the covariance structure- The RE (P/Q) is 

increasing with k in all cases examined. (See Table 13) 

TABLE 13 

The Re la t ion of the F i n i t e Sample Re la t ive E f f i c i e n c y 
t o t h e Number of Variables 

Relation 

of* 

RE (P/L) 

to k 

HE (P/Q) 

to k 

•»4> -

A n 

1 15 
30 

4 15 
3 0 

1 15 
3 0 

4 15 
30 

1 

4 

* 

• 

-•• 

• 

+ 

• 

* 

1 

2 

4 

* 

• » • 

• 

+ 
+ 

• 

+ 

3 

* 

* 

* 
• 

• 

* 

4 

+ 

Proportio 
2 

Sk 
1 

* 

-f 

• 
— 

+ 
-f 

* 

+ 

na l i ty d 

ewness 
2 

•f 

• 

+ 
+ 

+ 
+ 

+ 
+ 

3 1 

4 * 
* • 

+ -
+ + 

+ 4 
• • 

* * 
+ + 

4 

2 

4-

• • 

<» 

• 

• 

+ 

4 

• 

3 

+ 
+ 

•¥ 

•¥ 

+ 
4 

+ 
4 

. . J 

"*" denotes that the RE is increasing with increasing k 
"-" denotes that the RE is decreasing with increasing k 

(2) The RE(P/L) is, in general, decreasing with the 

group distance, A r if ^^® covariance structure is unegual 

and/or proportional- The RE(P/Q) is increasing with the 

group distance if the sample size is not large relative to 

the number of variables- (See Table 14) 
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TABLE 14 

The Relat ion of the F i n i t e Sample R e l a t i v e Ef f i c i ency 
t o the Group Distance 

r 

1 Relation 

j of* 

1 RE (P/L) 

1 to A 

J RE (P/Q) 

1 to A 

k 

2 

4 

2 

4 

n 

15 
30 

15 
30 

15 
30 

15 
30 

1 

— 

* 

— 

4 

~ 

— 

4 

— 

1 

2 

— 

4 

4 

4 

4 

— 

4 

4 

3 

4 

— 

— 

— 

4 

4 

4 

4 

Proportionali 

Sk 
1 

— 

— 

— 

— 

4 

4 

4 

-

2 

ewness 
2 

— 

— 

— 

^ 

4 

4 

4 

— 

3 

— 

— 

— 

"" 

4 

4 

4 

4 

ty d 

1 

— 

— 

-

• " • 

4 

^ 

4 

— 

4 

2 

o 

— 

— 

^ 

4 

4 

4 

4 

• 1 

3 J 

— 1 

— 1 

— j 

^ 1 

4 ] 
4 J 

4 J 
4 j 

* "4" denotes that the RE is increasing with increasing A 
"-" denotes that the RE is decreasing with increasing A 

(3) The RE (PA) is increasing with tne sample size, n, 

if the coefficient of proportionality is close to unity-

The RE (P/Q) is decreasing with the sample size if the 

covariance structure is nonproportional and highly skewed-

(See Table 15) 
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TABLE 15 

The R e l a t i o n of t h e F i n i t e Sample R e l a t i v e E f f i c i e n c y 
t o t h e Sample S i z e 

1 1 P r o p o r t i o n a l i t y d 
J R e l a t i o n 1 1 2 4 

J of* 1 Skewness 
] l k A 1 2 3 1 2 3 1 2 3 

1 1 2 1 - 4 4 4 4 4 + ^ . 4 
1 RE ( P / L ) 1 4 + 4 . - + 4 . ^ + ^ 4 . 

l t o n l 4 1 - 4 - + 4 . + + + 4. 
1 j 4 4 4 4 + 4 . 4 . 4 . 4 . + 

1 1 2 1 * * - 4 . - - - . . _ 
1 RE (P/Q) 1 4 - 4 - - • - - - _ -

i t o n ) 4 1 * - - * * - 4 - -
1 1 4 - - - - - - - _ -

"4" d e n o t e s t h a t t h e RE i s i n c r e a s i n g with i n c r e a s i n g n 
"-" d e n o t e s t h a t t h e RE i s d e c r e a s i n g with i n c r e a s i n g n 

(4) The RE (P/L) i s i n c r e a s i n g with t h e c o e f f i c i e n t of 

p r o p o r t i o n a l i t y , d , i n a l l c a s e s examined. The r e l a t i o n s h i p 

between t h e RE(P/Q) and d i s vague- However, when t h e 

c o v a r i a n c e s t r u c t u r e i s h i g h l y skewed, t h e RE (P/Q) seems t o 

be d e c r e a s i n g ( i n c r e a s i n g ) with d i f t h e number of v a r i a b l e s 

i s smal l ( l a r g e ) . (See Table 16) 

(5) The RE ( P A ) i s d e c r e a s i n g with the skewness , s , i f 

d i s n o t n e a r one and/or t h e sample s i z e i s not smal l 

r e l a t i v e to the number of v a r i a b l e s - The RE (P/Q) i s 

decreas ing with s i f the group d i s t a n c e i s not l a r g e 

r e l a t i v e t o t h e c o v a r i a n c e s t r u c t u r e - (See Table 17) 
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However, the combined effects of k. A * n, d, and s are 

complex and interrelated- A simple conclusion about these 

effects cannot be drawn-

TABLE 16 

The Relation of the Finite Sample Relative Efficiency 
to the Coefficient of Proportionality 

r 
i R e l a t i o n 

J of* 

1 RE (P/L) t o d 

1 RE (P/Q) t o d 

1 k 

i 2 

\ ^ 

i 2 

1 ^ B ^ ^ ^ 

J 4 

A 
1 

4 

1 

4 

1 

4 

^ ^ • ^ ^ ^ • ^ 

1 

4 

n 

15 
30 

15 
30 

15 
3 0 

15 
30 

15 
30 

15 
30 

15 
30 

15 
3 0 

1 

4 

4 

4 

4 

4 

4 

4 

4 

V 
— 

4 

A 

4 

A 

4 

V 

S k e w n e s s 

2 

4 

4 

4 

4 

4 

4 

4 

4 

— 

• ~ 

V 
V 

4 

A 

— 

V 

3 

4 

4 

4 

4 

4 

4 

4 

4 

-

"• 

— 

V 

4 
4 

A 
4 

n4.n 
t t . t i 

" A " 
My" 

d e n o t e s 
d e n o t e s 
d e n o t e s 
d e n o t e s 

t h a t 
t h a t 
t h a t 
t h a t 

t h e 
t h e 
t h e 
t h e 

RE 
RE 
RE 
RE 

is increasing with increasing 
is decreasing with increasing 
goes up and then down with d 
goes down and then up with d 

d 
d 
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TABLE 17 

The Relation of the Finite Sample Relative Efficiency 
to the Skewness 

1 Relation J 

1 of* 1 

J RE (P/L) to s 1 

1 RE (P/Q) to s 1 

k 

2 

4 

2 

4 

A 
1 

4 

1 

4 

1 

4 

1 

4 

n 

15 
30 

15 
30 

15 
30 

15 
30 

15 
30 

15 
30 

15 
30 

15 
30 

Pro 

1 

A 
4 

4 

A 

V 
4 

A 
A 

— 

A 

— 

A 

port ionality d | 

2 4 1 

4 - 1 
— — j 

A 1 
— — 1 

— — 1 
— — 1 

A - J 
** "* 1 

^ "̂  1 

— - J 

— — 1 

"4« denotes that the RE is increasing with increasing s 
"-" denotes that the RE is decreasing with increasing s 
"A" denotes that the RE goes up and then down with s 
"V" denotes that the RE goes down and then up with s 

3.5 Assunptions and Limitations 

Assumptions are necessary in research to reduce the 

complexity of the problems encountered and thus enable the 

research to be carried out. Limitations are always incurred 

by those assumptions which, in turn, cause a loss of 

generality. 
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The main assumptions upon which this research rests are 

listed below under three categories. 

(1) I n i t i a l assuaptions: 

(i) There a r e only two popula t ions from which the 

observed sample vec to r s come, 

( i i) The c o s t s of m i s c l a s s i f i c a t i o n are a l l equal to 

one, i . e . , C (1 i2) =C (2| 1) =1 . 

(2) Distributional assuaptions: 

(i) The d i s t r i b u t i o n s of the two populat ions are 

m u l t i v a r i a t e normal-

( i i ) The a p r i o r i p r o b a b i l i t i e s , p l and p2, a re known 

and equal in the simulation s tudy, i - e - , 

Pi=p2=1/2. 

( i i i ) The mean vec to r of popula t ion one conta ins equal 

elements i n the s imulat ion s tudy-

(3) Sampling assuaptions: 

(i) The sample vec to rs a re independent, i d e n t i c a l l y 

d i s t r i b u t e d , and cond i t i ona l on the populat ion-

(11) The sample s i z e s a re equa l , i - e . , nl=n2. 

( i i i ) I t i s known from which populat ion a sample 

vector comes, i . e - , every sample vector i s 

i n i t i a l l y c o r r e c t l y c l a s s i f i e d -

(iv) There a r e no missing values within any observed 

sample vec tor -

The l i m i t a t i o n s of t h i s s tudy are s t a t e d as fo l lows : 
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(1) The aforementioned assumptions are made for the 

sake of research t r a c t a b i l i t y . The two i n i t i a l assumptions 

and the assumptions of equal a p r i o r i p r o b a b i l i t i e s and 

equal-e lement mean v e c t o r can be re laxed with l i t t l e 

a d d i t i o n a l e f f o r t required to demonstrate the a p p l i c a b i l i t y 

of t h i s s tudy . However, the v i o l a t i o n of the other 

assumptions may cause the modif icat ion of the proposed study 

to be an arduous and e l u s i v e work-

(2) The performance of a discriminant function depends 

on the values of the underlying parameters, thus the r e g i o n s 

dominated by the PQDF i n the parameter space depend on the 

points or i n t e r v a l s of the parameters- In the Simulaticn 

study, the parameters under cons iderat ion are: the number of 

var iab les k, the Mahalanobis's d i s tance between the two mean 

vec tors A * the t r a i n i n g sample s i z e n (nl=n2=n), the 

c o e f f i c i e n t of p r o p o r t i o n a l i t y d, and the skewness of the 

second population covariance- Other parameters, such as 

a p r i o r i p r o b a b i l i t y pi ( 1 = 1 , 2 ) , the r a t i o of the 

m i s c l a s s i f i c a t i o n c o s t s C (1 | 2)/C (211) , e t c - , which may have 

some e f f e c t s on the performance of the discr iminant 

funct ions under study are assumed constant- The e f f e c t s of 

these l a t t e r parameters remain unknown throughout the e n t i r e 

research-

(3) The boundaries of the regions dominated 

d i f f e r e n t l y by the LDF, QDF and the PQDF were found to be 

ambiguous- Many r e s e a r c h e r s have made every e f f o r t to f ind 
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clear-cut boundaries for regions of the LDF and QDF without 

any success- This drawback, which may be attributed to the 

increased complexity of the combined parameter effects, 

cannot be rectified by this research-



Chapter IV 

AH APPLICATION 

In order to demonstrate the applicability of this 

research, an analysis of the pre-admission and academic 

achievement data of the medical doctoral program at Texas 

Tech University Health Sciences Center was conducted. 

The data provided in Appendix H contains 130 sanple 

points of medical students who will graduate in 1982 and 

19 83. Each sample observation was characterized by five 

numerical measurements: BCPM, OTHER, MCATBIO, MCATAVGV and 

CUHAVG- These five variables are defined as follows: 

BCPM = Weighted average of the course grades of 

Biology, Chemistry, Physics, and 

Mathematics, 

OTHER = Weighted average of a l l the course grades 

other than the BCPM, 

MCATBIO = Score of the Biology section in the Medical 

College Admission Test (HCAT) , 

MCATAVG = Average score of a l l the section tes ts in 

the MCAT, 

CUMAVG = Cumulative grade point average of the 

student 's f i r s t four semesters at Texas 

Tech University Health Sciences Center-

121 
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The o b j e c t i v e of the fo l lowing a n a l y s i s i s to develop 

the best d i scr iminant funct ion (DF) so as to c l a s s i f y these 

s tudent s i n t o two groups: high-performance and 

low-performance. This es t imated DF can then be used as the 

future admission c r i t e r i o n . 

The performance of each student was measured by the 

CUMAVG. The cutoff point was s e t to be CUMAVG=81.78 so as 

to d iv ide s t u d e n t s i n t o two groups of equal sample s i z e s . 

Students who have CUMAVG<81.78 were ass igned to group 1, 

o therwise , t o group 2- Three discriminant func t ions , the 

LDF, PQDF, and the QDF, were then derived using the 

var iab les BCPM, OTHER, MCATBIO, and MCATAVG. The a p r i o r i 

p r o b a b i l i t i e s were assumed t o be equal. Both the apparent 

error ra te s and the almost unbiased est imate of expected 

actual error ra te s given by the U-method were c a l c u l a t e d -

Some r e s u l t i n g s t a t i s t i c s of t h i s a n a l y s i s are presented in 

Table 18-

Without knowing the r e s u l t i n g error r a t e s , one might 

f o r e s e e the performance of the three DF's by examining 

Tables 10 and 12, and Figures 22 through 37. In t h i s c a s e , 

the number of v a r i a b l e s and the t r a i n i n g sample s i z e are 

l a r g e , the computed d is tance i s smal l , and the es t imated 

c o e f f i c i e n t of p r o p o r t i o n a l i t y i s l e s s than one. Since i t 

i s invar iant i n terms of error ra te s to t rea t d as d-» , the 

estimated d can be s e t t o (0. 700073)-^ = 1-4284 here. I t can 

be seen from Table 10 that the PQDF, under these c o n d i t i o n s . 
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TABLE 18 

An Application of the Three Discriminant Functions 
To Medical School Data (Four-variate) 

J. ^ 

I I Error Rates | other S t a t i s t i c s 
, , ^ 

J DF j Apparent ] Error Rate JD=DELTAH = 0-524671 
J J Error Ratejfrom U-methodl„ 
I 4. ^ Jd=ALPflAH = 0-700073 
ILDF 1 . 3 8 4 6 1 5 I . 4 1 5 3 8 5 \ 
I 4. 4. |P(L/P) = 0 .005850 
IPQDFi . 3 6 1 5 3 8 | . 392308 J 
I 4. 4. IP (P/Q) = 0-194534 
IQDF I .384615 1 .446154 J 

outperforms the LDF and the QDF in at least 52S (104/200) of 

the cases studied when d>1- Further, referring to Table 12 

and Figures 24, 28, 32, and 36, it can be found that the 

PQDF has, in general, RE(P/L)>1.0 and RE(P/Q)>1.0 regardless 

the skewness. 

The computed error rates showed that the PQDF is the 

best DF since it gives the lowest apparent error rate and 

estimated expected actual error. This finding is in 

agreement with the previous prediction. Tne conclusions 

drawn from the GLR tests also indicate that the PCS is the 

dominant covariance structure- However, the p-values of the 

GLR tests for LCS vs. PCS and PCS vs- QCS were found to be 

unreliable measures of the degree of proportionality in the 

simulation study- Thus, based upon only the two p-values, 

it cannot be absolutely certain that the PQDF will 

outperform the others. However, these GLR tests show that 
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t h e c o v a r i a n c e s t r u c t u r e i s not the LCS but the PCS and thus 

t h e y improve t h e a c c u r a c y of the above p r e d i c t i o n -

Furthermore, t h e two most s i g n i f i c a n t v a r i a b l e s , BCPM 

and MCATBIO, were r e t a i n e d based upon the F - c r i t e r i o n (Dixon 

1970, 1975, Nie , e t a l - 1975) - A d i s c r i m i n a n t a n a l y s i s 

u s i n g t h e s e two v a r i a b l e s was then performed- I t was found 

t h a t t h e e s t i m a t e d PQDF remains the b e s t e s t i m a t e d DF among 

the t h r e e a c c o r d i n g t o t h e computed e r r o r r a t e s e x h i b i t e d i n 

Table 19-

TABLE 19 

An A p p l i c a t i o n of t h e Three Discr iminant F u n c t i o n s 
To Medical S c h o o l Data (Two-variate) 

r 1 
J 1 Error Rates* \ Other S t a t i s t i c s 
I I . . . + 
J DF I Apparent \ Error Rate |D=DELTAH = 0-471526 
J J Error Rate} from U-methodj,^ 
I 4 4 Jd=ALPHAH = 0 .835062 
JLDF I -376923 | . 3 9 2 3 0 8 | 
1 * * 1P(L/P) = 0.304811 
IPQDFj -346154 ] -361538 J 
I 4. 4. !P(P/Q) = 0-913599 
JQDF I -369231 f -407692 i 

* Only BCPM and MCATBIO were used as the 
discriminating variables 

The conclusion of this analysis is that the PQDF is the 

best discriminant function for this particular data set in 

terms of the error rate given by the U-method. This 

demonstration also shows the usefulness of tne guidelines 
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proTided by this research for predicting the best 

discriminant function-



Chapter ¥ 

SOHHABY, CONCLUSIONS, AHD RECOHHEHDATIOHS 

5 . 1 Summary and C o n c l u s i o n s 

The purpose of t h i s research i s to examine the 

p ropor t iona l quad ra t i c d i sc r iminan t function (PQDF) and to 

compare i t s performance with those of the l i n e a r 

d i scr iminant funct ion (LDF) and the quadra t ic d i scr iminant 

funct ion (QDF)- The be l i e f was ver i f ied t ha t high 

d imensional i ty w i l l i n c r e a s e the e f f ic iency of the PQDF over 

the QDF and enable i t to outperform the LDF and the QDF when 

the popula t ion parameters must be est imated-

The design of t h i s research was divided i n t o two p a r t s : 

the a n a l y t i c method and the s imulat ion s tudy . The a n a l y t i c 

method used the maximum l ike l ihood procedure and 

Newton-Raphson method t o e s t ima te d- The asymptotic e r r o r 

r a t e s (AERR) of t h e es t imated LDF, QDF, and PQDF were 

ca lcu la ted in two-va r i a t e l i n e a r or p ropor t iona l covar iance 

s t r u c t u r e s (LCS or PCS)- Then, the performances of the 

es t imated PQDF r e l a t i v e t o the est imated LDF and QDF were 

compared using the asymptot ic r e l a t i v e e f f i c i ency (ARE)- I t 

was shown t h a t : 

126 
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(1) For the LCS, the ARE (P/L) and ARE (Q/P) are 

decreas ing f u n c t i o n s of the group d i s tance ( A ) 

for ^ > 4 (see Figures 8 through 11 in Appendix E) . 

(2) For the PCS, the ARE(Q/P) i s a decreasing funct ion 

of A i f Pl=p2=0.5 and A ^ '̂  (see Figure 13 in 

Appendix E) -

(3) The reg ions of the l a r g e s t ARE<P/L) and ARE (Q/P) 

are a l l de l imi ted by 2< A ^ '̂  for both covariance 

s t r u c t u r e s -

(4) The ARE (P/L) and the ARE (Q/P) are always l e s s than 

one for both s t r u c t u r e s -

(5) For equal a p r i o r i p r o b a b i l i t i e s and 2<A^^/ the 

ARE (Q/P) with the -PCS i s a decreasing funct ion of 

d-

(6) When k=1 and A = 2 , the ARE(P/L) and ARE(Q/P) i s 

1-0-

The s imula t ion study used k=2,4, nl=n2=15,30, A = 1#^» 

d = 1 , 2 , 4 , and skewness=1 ,2 ,3 as the va lues of the parameters-

Estimated ac tua l error r a t e s (ACTERR) were computed using 

500 sample observa t ions - Expected va lues of est imated 

ACTERR were c a l c u l a t e d using the average of 200 

r e p l i c a t i o n s - Two general ized l i k e l i h o o d r a t i o t e s t s (LCS 

vs- PCS, and PCS vs- QCS) were conducted so as t o obtain the 

p-value for both t e s t s . The PQDF was found t o outperform 

both the LDF and the QDF, according to Table 12, when k=4 

and d#1- This f ind ing sugges t s that the PQDF i s super ior to 



128 

the QDF if the number of discriminating variables to be used 

is not small relative to the sample size. However, the LDF 

performed better than the PQDF in all cases when d=1- This 

result suggests that if the estimated coefficient of 

proportionality is near one, the LDF should be used rather 

than the PQDF-

5.2 Recoma en dations 

This research has investigated the properties and 

performance of the PQDF relative to the LDF and the QDF. 

The estimated PQDF was found to be a very useful DF since it 

outperforms the estimated QDF with finite sample sizes under 

many circumstances-

In practice, the population parameters are usually 

unknown and thus an estimated DF must be used- The findings 

aforementioned suggest that the PQDF should be considered as 

an alternative to the QDF when the population dispersions 

are found to be unequal. 

Finally, the recommendations from this research are 

stated as follows: 

(1) With high dimensionality, the difference in the 

performance of the PQDF and the QDF will be substantial if 

the training sample size is small- Unless the training 

sample is sufficiently large, the PQDF should usually be 

chosen when the population dispersions are unequal and the 

number of variables is large (k>4) -
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(2) i n c r e a s i n g t h e t r a i n i n g sample s i z e or the group 

d i s t a n c e improves t h e performance of any one of t h e t h r e e 

d i s c r i m i n a n t f u n c t i o n s d i s c u s s e d i n t h i s r e s e a r c h . The 

r e l a t i v e e f f i c i e n c y of the PQDF t o t h e LDF and t h e QDF 

r e l a t i v e t o t h e PQDF w i l l i n c r e a s e (decrease ) a l o n g with 

i n c r e a s i n g sample s i z e (group d i s t a n c e ) when t h e c o v a r i a n c e 

s t r u c t u r e i s n o n p r o p o r t i o n a l and h ighly skewed. m o t h e r 

words, t h e performance of the PQDF (QDF) improves f a s t e r 

than t h a t of t h e LDF (PQDF) with the sample s i z e but s l o w e r 

with the group d i s t a n c e . The r a t e s of change of an 

e s t i m a t e d DF's performance r e l a t i v e t o the t r a i n i n g sample 

s i z e and the group d i s t a n c e should be i n v e s t i g a t e d . 

(3) I t i s recommended -to p r a c t i t i o n e r s t h a t a method 

t h a t g i v e s an unbiased e s t i m a t e of the expec ted a c t u a l e r r o r 

r a t e such as the U method shou ld always be used . In t h i s 

r e s e a r c h , i t was found t h a t the QDF o f t e n g i v e s a lower 

e x p e c t e d apparent e r r o r r a t e than the LDF and t h e PQDF s i n c e 

the apparent e r r o r r a t e i s a b iased e s t i m a t e - This means 

t h a t t h e QDF o f t e n f i t s the sample data b e t t e r than t h e LDF 

and PQDF. 

(4) S imple c o n c l u s i o n s cannot be drawn about t h e 

r e l a t i o n s h i p between t h e r e l a t i v e e f f i c i e n c y of the PQDF t o 

the QDF and t h e c o e f f i c i e n t of p r o p o r t i o n a l i t y d- This 

f i n d i n g conf i rms t h e r e s u l t of the g e n e r a l i z e d l i k e l i h o o d 

r a t i o t e s t which showed t h a t the p -va lue of the t e s t of the 

PCS v s - t h e QCS i s not a good i n d i c a t o r of the r e l a t i v e 
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e f f i c i e n c y - Thus, the r e l a t i o n of the p-value to the 

covariance s t r u c t u r e (d and skewness) should be further 

exp lored . N e v e r t h e l e s s , t h i s research provides use fu l 

g u i d e l i n e s f o r p r a c t i t i o n e r s in s e l e c t i n g the bes t es t imated 

DF according t o the number of v a r i a b l e s , the tra ining sample 

s i z e , the group d i s t a n c e , and the covariance s t r u c t u r e . 
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APPENDIX A 

G l o s s a r y o f Terms 

Term D e f i n i t i o n 

d C o e f f i c i e n t of P r o p o r t i o n a l i t y , 

9 Number of p o p u l a t i o n s , 

^ Number of v a r i a b l e s , 

/V W i l k ' s Lambda m e a s u r e , 

i o g N a t u r a l l o g a r i t h m , 

n i Sample s i z e from p o p u l a t i o n i . 

n T r a i n i n g s a m p l e s i z e f o r a l l 
p o p u l a t i o n s (n l=n2=. . . = n q = n ) , 

s Skewness p a r a m e t e r of a 

c o v a r i a n c e s t r u c t u r e , 

1 k X 1 random v e c t o r e l e m e n t , 

Xi k X 1 random v e c t o r e l e m e n t 

from p o p u l a t i o n i , 

TTi P o p u l a t i o n i , 

u i k X 1 mean v e c t o r in TTi# 
Xi k X 1 sample mean v e c t o r i n T T i , 

n _ _ 
Ai= 2 (X i j -X i ) ( X i j - X i ) ' k X k c r o s s - p r o d u c t m a t r i x of 

j=1 X i n T T i , 

Vi k X k c o v a r i a n c e m a t r i x i n TTi* 

Si k X k sample c o v a r i a n c e m a t r i x 
i n Tl±, 

f C o e f f i c i e n t of c o r r e l a t i o n , 

A ^ = ( u l - u 2 ) »V-i ( u l - u 2 ) M a h a l a n o b i s ' s A ^ d i s t a n c e 
( p a r a m e t e r s known) , 

D2= ( 1 1 - 1 2 ) ' S - 1 ( X 1 - X 2 ) M a h a l a n o b i s ' s D^ d i s t a n c e 
( p a r a m e t e r s unknown) , 
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Dt (X) Optimal discriminant function or 
score (parameters known) , 

Ds(I) Sample discriminant function or 
score (parameters unknown) , 

Lt(X) {X-1/2 (ul*u2) } •V-Mal-n2) = 
Optimal l i n e a r d iscr iminant 
funct ion or score 
(parameters known) , 

Ls (X) {X-1/2 (X1*X2) } 'S-MX1-X2) = 
Sample l i n e a r discriminant 
funct ion or score 
(parameters unknown), 

P (X) Proportional quadratic 
discriminant function or s c o r e , 

Q (X) Quadratic discriminant function 
or score, 

Pi Coefficient of a discriminant 
function, 

Vx Vector partial differential 
operator with respect to X, 

jVxj2 Sum of squared elements in 
vector Vx, 

pi A priori probability that an 
observation comes from TTi# 

Ri The region of the random 
vectors assigned to TiLf 

f (Xji) Density function of X in TTi/ 

r(j) Expected cost of misclassif ying 
an observation from Tlj, 

C(iij) Cost of misclassif ying an 
observation from TTi into TTi/ 

p (2) Probability of misclassif ying 
an observation from TTi/ 

P(i3j) Probability of misclassif ying 
an observation from TTi 
into TTi/ 

P2(Dt) Optimal error rate. 
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P2.(Ds) Estimated a c t u a l error r a t e , 

P3 (Ds) Actual error r a t e , 

Pi(Ds) Expected ac tua l error r a t e , 

P5 (Ds) Expected value of est imated 
ac tua l error r a t e , 

P6(Ds) Apparent error r a t e , 

N(u,¥) Cumulative normal d i s t r i b u t i o n 
funct ion with mean vector u 
and covariance matrix ¥ , 

i Cumulative standard normal 
d i s t r i b u t i o n funct ion, 

X̂  W Chi-square d i s t r i b u t i o n funct ion 
with k degrees of freedom, 

X'^(k) Non-central chi - square 
d i s t r i b u t i o n function with 
k degrees of freedom, 

W(k,¥) Wishart d i s t r i b u t i o n funct ion 
with k degrees of freedom 
and covariance matrix ¥ , 
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APPENDIX B 

The ¥ariance Matrix of the C o e f f i c i e n t s of the PQDF 
with Proport iona l Covariance Structure 

Consider the two-var ia te normal c a s e , l e t ux(1) and 

ux(2) be the means of var iab le 1 and 2 in population 1, 

uy(1) and ny(2) be the two means in population 2 , 
j -V( l l ) , ¥(12)-, 

d be the c o e f f i c i e n t of p r o p o r t i o n a l i t y , V = Lv(21), 1{22)'', 

and W = Det(V) = V(11)V(22) - V(12)V(21)- The l i k e l i h o o d 

funct ion of the sample with known parameters i s given by 

CB. I ) L ( U X ( 1 ) , U X ( 2 ) ,uy(1) ,uy(2) ,V(11) ,V(12) ,V(22) ,d) 

nl - 2 n l / 2 - n l / 2 

= Pl (2TT) _'1VI 

nl 
-1 /2 1 2 (Xi- uD'V-MXi- ul)} 

• e i=1 

n2 -2n2/2 - n 2 / 2 
• p2 (2rr) ld¥| 

n2 
- 1 / 2 ( S"(Xi- u 2 ) ' ( d ¥ ) - M X i - u2)} 

• e j=1 

n l n2 - (n l*n2) - ( n l * n 2 ) / 2 -n2 
Pl P2 i2n) iVl d 

nl 
- 1 / 2 { S ~ ( x i - ul) ' v - * (Xi- ttl)} 

• e i=1 

n2 
- 1 / 2 C l / d S " ( X i - u 2 ) ' ¥ - M X i - u2)} 

3=1 
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r W ( 1 1 ) , W(12 ) , 
Let ¥-1 = I W(21), W (22) J , then 

(B.2) L(ux(1) ,ux (2 ) , u y ( 1 ) , u y ( 2 ) ,V(11) ,V (12) ,V(22) ,d) 

n l n2 - ( n l * n 2 ) - n 2 
= Fl P2 {271) d 

- ( n l * n 2 ) / 2 
• ( W ) 

n l r X l - u x ( 1 ) , ' r W ( 1 1 ) W ( 1 2 ) , ^ X l - u x ( 1 ) , 
- 1 / 2 ( 2 i x 2 - u x ( 2 ) J tW(21) W(22)J*-X2-ux(2)J 

• e i=1 

n2,.Y2-uy(2)-, 'rW(11) W (12)-, rY2-uy (2)-, 
• C V d 2 *-Y2-uy(2)J «-tf(21) W (22) J lY2-uy (2) J } -

3=1 

The l o g l i k e l i h o o d f u n c t i o n can be wr i t t en as 

(B-3) log L = n l l o g p2^ * n2 l o g p2 

- (n l*n2) log 271 " n2 l o g d 

- ( n l * n 2 ) / 2 l o g (W) 

1 nl 
- - 2 ~ { ( X l - u x ( 1 ) )2W(11) *(X2-ux{2))2W(22) 

2 i=1 

* 2 ( X l - u x ( 1 ) ) (X2-ux(2))W(12)) 

1 n2 
2 " { ( y l - » l C ^ ) ) ^ » ( ^ ^ > *(Y2-uy(2))2W(22) 

2d j = 1 

* 2 ( Y l - u y { 1 ) ) ( Y 2 - u y ( 2 ) ) H ( 1 2 ) } -

S ince 

W(11) = V(22) W-i, 
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W(22) = V (11 ) W - i , 

W(12) = W(21) = - 2 V(12) W-i 

= - 2 V(21) W - i , 

t h e r e f o r e , 

(B-4) l o g L = n l l o g p l • n2 i o g p2 

- (n l*n2) l o g 2TT - n2 l o g d 

- ( n l * n 2 ) / 2 l o g W 

1 n l 

S ~ { ( X l - u x ( 1 ) ) 2 V ( 2 2 ) W - i 
2 1=1 

* ( X 2 - u x ( 2 ) ) 2 V ( i i ) H- i 

* 2ai-ux(1)) (X2-ux(2)) 

• ( - 2 ) V ( 1 2 ) W - i } 

1 n2 
S ~ C ( y i - u y ( 1 ) ) 2V(22) W-i 

2d j = 1 
* ( Y 2 - u y ( 2 ) ) 2 y ( i i ) w-i 

* 2 ( Y l - u y ( 1 ) ) (Y2-uy(2)) 

• ( -2)V(12) W-4 -

Af ter p a r t i a l l y d i f f e r e n t i a t i n g the log l i k e l i h o o d 

f u n c t i o n , one has t h e f o l l o w i n g r e s u l t s which had been 

s i m p l i f i e d by us ing t h e s e t u p c o n d i t i o n s i n the PCS, i - e - , 

N ( < A / ( 1 + d ) / 2 , 0 ) ' , 1 ) i n p o p u l a t i o n 1 and N ( ( 0 , 0 ) ' , d l ) in 

p o p u l a t i o n 2 . 

321og L n l n2 n lp22 *n2pl2 
(B.5) = = = , 

^Pi^ Pl^ ( 1 - P l ) ^ PJI^P22 



(B.6) 
321og L 

dux (1)2 
= - nl W(11) , 
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(B.7) 
821og L 

3ux(2) 2 
= - nl W(22) , 

921og L n2 
{B-8) = 8(11) ^ 

3uy(1)2 a 

d21og L n2 
(B.9) = w(22) , 

3uy(2)2 a 

(B. 10) 
321og L (nl*nl)V(22)2 

dv (11) 2 2 W2 

nl n2 
C Z (Xl-ux(l))2 * 1/d 2"(Yl-uy(l))2} 

i=1 j=1 

• V (22) 3W-3 

nl 1 n2 
*2{ 2 (Xl-ux(l)) (X2-ux(2))*- 5r(U-ny(1)) (Y2-uy(2))} 

1=1 d j=1 

• V(12) V(22)2W-3 

nl n2 
{ 2~<X2-ux(2))2 * 1/d ^(Y2-uy(2))2} 
1=1 j=1 

•V(12) V(21)V(22) W-3 , 

(B. 11) 
d21og L -(nl*nl) V(12)V(22) 

3V(11)dV(12) W2 

n 1 n2 
*2{ S"(Xl-ux(1))2 + 1/d 2~(Yl-iil(1))^} 

i=1 j=1 
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•V (12) V ( 2 2 ) 2 w - 3 

n l 1 n2 
- { Z ( X l - u x ( l ) ) ( X 2 - u x ( 2 ) ) * - S ^ ( Y l - u y ( 1 ) ) ( Y 2 - u y ( 2 ) ) i 

i=1 d j=1 

• ( 3 V ( 1 2 ) 2 + V ( 1 1 ) V ( 2 2 ) ) V (22 ) W-3 

n l n2 
^ { 2 ( X 2 - u x ( 2 ) ) 2 + 1/d S " ( y 2 - u y ( 2 ) ) 2 } 

1=1 j=1 

• V ( 1 2 ) (V (11 ) V ( 2 2 ) * V ( 1 2 ) 2 ) W-3 , 

(B. 12) 
3 2 l o g L 

dV(11 ) dV(22) 

(n l*nl ) V (12) V(21) 

2 W2 

nl n2 
( 2 ~ ( X l - u x ( 1 ) ) 2 • 1/d S r ( y i - u y ( 1 ) ) 2 } 
i=1 ' j=1 

•V (22) V(12)2W-3 

nl 1 n2 
• ( 2 r ( X l - u i ( 1 ) ) ( X 2 - u x ( 2 ) ) * - 2 ( Y l - u y ( l ) ) ( Y 2 - u y ( 2 ) ) } 

1=1 d j=1 

• V ( 1 2 ) (V (11 ) V ( 2 2 ) * V ( 1 2 ) 2 ) w-3 

n 1 n2 
{ S ~ ( X 2 - u x ( 2 ) ) 2 + 1/d 2 ^ ( Y 2 - u y ( 2 ) ) 2 } 
i=1 j=1 

• V(11) V(12)V(21) W-3 , 

(B. 13) 
a21og L ( n l * n l ) (V(11)V(22)*V(12) V(21)) 

av( i2)2 W2 

nl n2 
- { S " < X l - u x ( 1 ) ) 2 * 1/d 2 " ( U - ^ I ( ^ ) ) ^ ) 

1=1 j=1 

•V (22) ( V ( 1 1 ) V ( 2 2 ) * 3 V ( 1 2 ) 2) W-3 
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^ 1 n2 
• 2 [ 2 ( X l - u x ( l ) ) ( X 2 - u x ( 2 ) ) * - 2 ( Y l - n y ( l ) ) ( Y 2 - u y ( 2 ) ) } 

1=1 d j=1 

• V ( 1 2 ) (V (12 )2 - f3V (11 ) V ( 2 2 ) ) W-3 

n 1 n2 
{ S " ( X 2 - u x ( 2 ) ) 2 • 1/d 2 ~ ( Y 2 - u y ( 2 ) ) 2 } 
1=1 j=1 

• V (11) (V(11) V ( 2 2 ) * 3 V ( 1 2 ) 2) w-3 , 

(B.14) 
d 2 l o g L 

a v ( 1 2 ) dV(22) 

- ( n l * n l ) V(11)V (12) 

W2 

n 1 n2 
+ C 2 " ( X l - u x ( 1 ) ) 2 + 1/d S " ( n - n X ( 1 ) ) ^ } 

1=1 j=1 

•V (12) (V (11) V ( 2 2 ) * V ( 1 2 ) 2 ) W-3 

nl 1 n2 
{ 2 ~ ( X l - u x ( 1 ) ) (X2-ux(2) ) * - 2: ( J i - n y ( l ) ) ( Y 2 - u y ( 2 ) ) } 

1=1 d j=1 

• ( 3 V ( 1 2 ) 2 + V ( 1 1 ) V ( 2 2 ) ) V ( 1 1 ) W-3 

n l n2 
+ 2{ S ~ ( X 2 - u x ( 2 ) ) 2 * 1/d 2 " ( Y 2 - u y ( 2 ) ) 2 } 

1=1 j = 1 

• V ( 1 1 ) 2V(12) W-3 , 

(B-15) 
321og L ( n l * n l ) V ( 1 1 ) 

dV(22)2 2 W2 

n 1 n2 
{ § ~ ( X 1 - u x ( 1 ) ) 2 * 1/d 2 " ( n - n y ( 1 ) ) 2 } 
i = 1 3=1 

• V ( 1 1 ) V ( 1 2 ) 2 W - 3 



161 

1 n2 
^2{ 2 ^ ( X l - u x ( 1 ) ) ( X 2 - u x ( 2 ) ) * - S " " ( r i - u y ( 1 ) ) ( Y 2 - u y ( 2 ) ) } 

1 - 1 d j = 1 - -L / / 1 

• V ( 1 1 ) 2V(12) W-3 

n l ,^2 
- { S ~ ( X 2 - u x ( 2 ) j 2 • 1/d S " ( Y 2 - u y ( 2 ) ) 2 } 

1= 1 1=1 ~ 

•V (11) 3tf-3 ^ 

(B.16) 
d2 1og 1 1 

3V(11) ad 2d2 W2 

n2 
C - C S"(3f l -uy(1) ) 2 j . ¥ ( 2 2 ) 2 

j = 1 

n2 
• 2 { 2 ~ ( y i - n y ( 1 ) ) ( y 2 - u y ( 2 ) ) } 

j = 1 
V(12)V(22) 

n2 
- C 2 " ( y 2 - u y ( 2 ) ) 2 } •V(12)V(21) } , 

j = 1 

(B-17) 
3 2 l o g I 1 

3y (12 ) ad d2 W2 

n2 
{ S ~ ( Y l - u y ( 1 ) ) 2 } 
j = 1 

V(12) Vi22) 

n2 
- i S " ( 3 f l - n y ( 1 ) ) ( Y 2 - u y ( 2 ) ) j 

j = 1 
• ( V ( 1 1) V(22) * V ( 1 2 ) 2) 

n2 
{ S " ( Y 2 - u y ( 2 ) ) 2 } .V(11)V(12) } , 
3=1 
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a21og I 1 
(B-18) = . 

av(22) ad 2d2 W2 

n2 
1 - C 5"(Yl-ui(1)) 2) •V(12}V(21) 

n2 

•2 { 5~(Yl-uy(1)) (Y2-uy(2))} •V(11)V(12) 

n2 
1 S"(Y2-uy(2)) 2} ^¥(11) 2 ) ^ 
3=1 

a21og L n2 1 
(B-19) 

ad2 d2 d3 w 

n2 
i i S"(Yl-uy(1))2 } .¥(22) 

j=1 

n2 
-2 [ S"(Yl-ny(1)) (Y2-uy(2))} •V{^2) 

j=1 

n2 
* { S~(Y2-uy(2))2} .¥(11) } -

3=1 

The results of the above second partial 

differentiations are then evaluated at the point where the 

estimated parameters equal their corresponding true 

parameters- One thus has 

1-32 lo g L-| 

i 3pi2 Je=i 

nlp22 *n2pl2 
(B-20) 

3pi2 Je=e Pl2p22 



r32 l o g L-, 
(B.21) I k = - nl W(11) , 

i3ux(l) 2Je=9 
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[ d^ l o g I , 
L = - nl W(22) , 

fill Y I 7\ ZJ A = A •3ux(2) 2J.e=e 

(B.23) 
r 3 2 i o q L^ 

Î ^-
*-3uy (1) 2 j e = e 

n2 
W(11) , 

d 

(B-24) 
i-321og L. 

t3uy (2) zl 

n2 
^ = W(22) , 
e=e d 

(B .25 ) [32 l o g Iri 

av (11) 2j (11) 2Je=6 

( n l * n l ) V{22) 2 

2 W2 

- { ( n l * n 2 ) V ( 1 1 ) } • V ( 2 2 ) 3 w - 3 

*2 { ( n l * n 2 ) V ( 1 2 ) } ' ¥ ( 1 2 ) V(22)2W-3 

- { ( n l * n 2 ) V ( 2 2 ) } • ¥ ( 12) V (2 1) V (22) W-3 , 

[ 3 2 l o g L T u = 
3v(i i ) 3v(i2)Je=e 

- ( n l * n D V(12) ¥ ( 2 2 ) 

W2 

* 2 { ( n l * n 2 ) ¥ ( 1 1 ) } • ¥ ( 1 2 ) ¥ (22) 2 w-3 

- { ( n l + n 2 ) V ( 1 2 ) } • (3V (12) 2+V (11) V (22) ) ¥ ( 2 2 ) W-3 

* { ( n l * n 2 ) V ( 2 2 ) i - ¥ ( 1 2 ) (V (1 1) V (22) *V (12) 2) w-3 , 

(B .27) 
3 2 1 o g L 

».3v(ii) 3v(22)Je=e 

( n l + n l ) V ( 1 2 ) ¥ (21) 

2 W2 

- C ( n l * n 2 ) V ( 1 1 ) } - ¥ ( 2 2 ) V(12)2W-3 
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• { tnl*n2)V (12)} •¥ (12) (V (1 1) V (22) *V (12) 2) w-3 

- { (nl*n2)V(22) } •¥ (11) ¥(12) ¥ (21) W-3 , 

(B.28) [32 l o g L« 

a¥(12) 2J ( 1 2 ) 23 9 = 6 

( n l * n l ) (¥ (11) ¥(22) *¥(12)V(21) ) 

W2 

- ( ( n l * n 2 ) V ( 1 1 ) } - ¥ ( 2 2 ) (¥ (11 ) ¥ ( 2 2 ) * 3 ¥ ( 1 2 ) 2 ) w-3 

* 2 { ( n l * n 2 ) ¥ ( 1 2 ) } • ¥ ( 1 2 ) (V (1 2) 2+3¥ (11) V ( 2 2 ) ) W-3 

- { ( n l * n 2 ) ¥ ( 2 2 ) } • ¥ (1 1) (¥(1 1) V (22)+3V (12) 2) w-3 , 

(B .29 ) [ a 2 1 o g L -1 

aY(12) a¥ (22 )J e=e 

- ( n l * n D ¥ ( 1 1 ) ¥ ( 1 2 ) 

W2 

* { (n l*n2)¥ (11) } •¥ (12) (¥ (1 1) ¥ (22) *¥ ( 12) 2) w-3 

- C (nl*n2)¥ (12)} • (37 (12) 2+¥( 11) ¥ (22) ) V (11) W-3 

*2C (nl*n2)V (22) } •¥ (11) 2V (1 2) W-3 , 

(B.30 
j^21og L, (n l*n l )V(11) 

l-8¥{22) 2Je=e 2 W2 

- I ( n l * n 2 ) ¥ ( 1 1 ) } ^¥(11) V(12) 2 w-3 

* 2 { ( n l * n 2 ) V ( 1 2 ) } •¥ (11) 2V(12) W-3 

- { i n l * n 2 ) V ( 2 2 ) } •V(11)3w-3 , 

k
a 2 1 o g L -I rU 
V (11) adJ6= e 2d2 W2 

{ - {n2 dV(11)} •V(22) 
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• 2 {n2 d V ( 1 2 ) } • V ( 1 2 ) V ( 2 2 ) 

- {n2 d V ( 2 2 ) } • V ( 1 2 ) V ( 2 1 ) } , 

r 3 2 l o g L , 1 
(B-32) U K = . 

l -3v( i2 ) 3 d J e = e d2 W2 

{ (n2 d V ( 1 1 ) } • V ( 1 2 ) V ( 2 2 ) 

- {n2 d V ( 1 2 ) j ' ( ¥ ( 1 1 ) V(22) * V ( 1 2 ) 2 ) 

^ {n2 dV(22) } • V ( 1 1 ) V(12) } , 

r 3 2 1 o g L , 1 
(B.33) - 1 = . 

W (22) 3 d J e = e 2d2 W2 

( - Cn2 d V ( 1 1 ) } •V(12)V (21) 

* 2 {n2 dV(12) } • V ( 1 1 ) V ( 1 2 ) 

- [n2 d V ( 2 2 ) } - ¥ ( 1 1 ) 2 } , 

-32 l o . r d 2 i o g Li n2 1 
(B ,34 ) — L = 

i 3d2 J 8 = e d2 d 3 w 

[ {n2 dV(11) } •V(22) 

- 2 {n2 dV(12) } •V(12) 

* {n2 d y ( 2 2 ) } •¥ (11) } -

S u b s t i t u t i n g ux (1) = A / ( 1 "*"d) / 2 , ux (2) =uy (1) =uy ( 2 ) = 0 , 

V ( 1 1 ) = V ( 2 2 ) = 1 , V ( 1 2 ) = V ( 2 1 ) = 0 , and W=1 i n t o E q u a t i o n s (B-20) 

t h r o u g h (B-34) y i e l d s t h e f o l l o w i n g r e s u l t s -



r321og T 

I 3p12 J 
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n lp22 *n2pl2 
^ 

3 p l 2 3^=6 P l2p22 

1-32log L. 

h 1'' = - » i ' 
•-3ux( 1) 2J6=6 

l o g 
" A = - n l , 
2 j f t = f t x ( 2 ) 2Je=e 

[3 2 l o g L, n2 

3 u y ( i ) 2Je=e d 

r32log Irj n2 

i3uy(2)2Je=e d 

r 3 2 i o g L̂  

L3V(11) 23 9=8 

(nl*n2) 

IV(11) 

[ 321og L -i 
L = 0 , 

3 V ( 1 1 ) 3 ¥ ( 1 2 ) J 9 = 9 

[
321og L -• 

L = 0 , 
8 ¥ ( 1 1 ) 3 V ( 2 2 ) J 9 = 9 

-32 l o g 
= -Cnl*n2) , 

r d 2 l o g L. 

Uv (12) 2J 8 = 8 

r 321og L 1 

U = 0 
L 3 V ( 1 2 ) 3 V ( 2 2 ) 3 8 = 6 

32 l o g 1-, - ( n l * n 2 ) 

3V I77\ 2J 
A 

-3V(22) 2J8»=e 
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r 321og L 1 

Î V (11) 3dJ9=6 

-n2 

2d 

1
3 2 l o g L , 

:; U = 0 , 
3V(12) adJ9=9 

[ 321og L 1 

3v t7 7\ ?\f\l 

- n 2 

3v (22) 3dJ6=6 2d 

r-2 l o g L-j -n2 

I " 
J6=<^ 3d2 J 6=6 d 2 

F o l l o w i n g Layard ' s (1972) Theorem (1-3) and E f r o n ' s 

(1975) Lemma ( 2 ) , t h e j o i n t l i m i t i n g c o v a r i a n c e matrix of 

(Pl/Ux ( 1 ) , u x ( 2 ) , u y ( 1 ) , u y ( 2 ) , V ( 1 1 ) , V ( 1 2 ) , ¥ ( 2 2 ) ,d) can be 

found by m u l t i p l y i n g t h e above e q u a t i o n s with - ( n l * n 2 ) - * , 

e v a l u a t i n g them at n l / ( n l * n 2 ) =p l and n 2 / ( n l * n 2 ) =p2, and then 

t a k i n g i n v e r s e of t h e matrix- The r e s u l t i n g c o v a r i a n c e 

matrix of the e s t i m a t e d parameters i s g i v e n below: 

(B-35) ¥ ( 6 ) = V ( p l , u x ( 1 ) ,ux (2 ) ,uy (1 ) ,uy(2) , V(11) , V (12) ,V (22) ,d) 

rPiP2 0 0 0 0 

0 1/pl 0 0 0 

0 0 1/P1 0 0 

0 0 0 d/p2 0 

0 0 0 0 d/p2 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 0 (1*PD/P1 0 p2/pl 

0 0 1 

0 

0 

0 

0 

0 

-d /p l 

0 

0 0 0 0 0 p2/pl 0 (1*P1)/P1 -d/pl 

0 0 0 0 0 -d/pl 0 -d/pl d2/plp2J 
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The procedure of f i n d i n g M matrix i n Equation (3-8) of 

E f r o n ' s (1975) Lemma (2) i s demonstrated below-

The o p t i m a l d i s c r i m i n a n t f u n c t i o n with t w o - v a r i a t e PCS 

i s g i v e n by 

(B-36) Dt(X)= ĵ  *^ X *P X *^ X X *^ X2 *^ X2 , 
0 1 1 2 2 3 1 2 4 1 5 2 

where 

p = l o g p - l o g p * log d 
0 1 2 

1 1 1 
/ { | u 2 ( 1 ) - / u 2 ( 1 ) ) ¥ ( 2 2 ) W - » * ( u 2 ( 2 ) - / u 2 ( 2 ) ) V ( 1 1 ) W-» 
2 X d y X d y 

-f 
- 2 ( u (1 )u ( 2 ) - / u (1)u (2)) V(12)W-i} , 

X X d y y 

1 1 
P = £u ( 1 ) - / u ( 1 ) } V ( 2 2 ) W - i - { u ( 2 ) - / u (2)} V(12)W-i , 

1 X d y X d y 

1 1 
p = (u ( 2 ) - / u (2 ) }V(11 )W- i - {u ( 1 ) - / u ( D ) V(21)W-i , 

2 X d y X d y 

1 
? = ( 1 - - ) V ( 1 2 ) W - i , 

3 d 

1 1 
p = - - ( 1 - - ) V ( 2 2 ) W - i , 

4 2 d 

1 1 
= - - ( 1 - - ) V ( 1 1 ) » - * 

5 2 d 
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where W=V (11) V (22)-V (12) V (21)-

After partially differentiating po, Pl, ..., ps „ith 

respect to pl, ux(1) , ux(2), uy(1), uy(2), V(11), y(i2}, 

¥(22), and d, one has 

r3po 3po Bpo 

(B-37) M= 

3pl 3ux (1) 3ux(2) 

3pi 3pi 3pi 

3pl 3ux(1) 3ux(2) 

3p5 3p5 3p5 

i3pi 3ux(l) 3ux(2) 

3^0 dJO 3po 3pCt 

3v(ii) 3v(l2) 3y(22) 3d 

3pi 3pi 3pi api 

3v(ll) 3v(i2) 3v(22) 3d 

3p5 3p5 ap5 3p5 

3V(11) 3V(12) av(22) 3d 

f 1 ax(1)V(22) ux(2)V(11) uy(1)V(22) uy(2)V(11) 

Plp2 -W -w dW dw 

0 V(22)W-i -¥(12)W-i -V(22)W-Vd V(12)W-Vd 

0 -y(12)W-i V(11)W-i V(12)W-i/d -V(11)W-Vd 

0 0 0 0 0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

ux (1)2-uy(1) 2/d ux(1) ux (2)-uy(1)uy(2) /d 

2V(22)-2W2 (W*2V(12)V(21))-iW2 

uy(1)/d -ux(1) uy(2)/d -ux(2) 

V (22)-2W2 (W*2V (12)2)-iw2 

uy(2)/d -ux(2) uy(1)/d -ux(1) 

V(12)-2W2 (W*2V(12) 2) -1W2 
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V ( 1 2 ) ¥ ( 2 2 ) W*2V(12 )V (21 ) 

( 1 / d - 1 ) - i W 2 ( 1 - 1 / d ) - 1 W 2 

( 1 - 1 / d ) ¥ ( 2 2 ) 2 ( 1 / d - 1 ) ¥ ( 1 2 ) ¥ ( 2 2 ) 

2W2 W2 

( 1 - 1 / d ) ¥ ( 1 2 ) 2 ( 1 / d - 1 ) ¥ ( 1 1 ) ¥ ( 1 2 ) 

2W2 W2 

{ux(2)2 - u y ( 2 ) 2 / d ) 1 uy(1) 2¥ (22)*uy(2 ) 2V(11) 
/ • 

2V(11)- iW2 d -2d2W 

( u y ( 1 ) / d - u x ( 1 ) uy(1)V(22) 

1 

(V(12)¥ (21) )-»W2 

u y ( 2 ) / d - u x ( 2 ) 

V { 1 1 ) - 2 W 2 

( 1 / d - 1 ) V ( 1 1 ) ¥ ( 1 2 ) 

W2 

( 1 - 1 / d ) ¥ ( 1 2 ) ¥ ( 2 1 ) 

2W2 

( 1 - 1 / d ) ¥ ( 1 1 ) 2 

2W2 2d2W 

where W= Y (1 1) V ( 2 2 ) - V (12) V ( 2 1 ) -

S u b s t i t u t i n g the parameter values with two-var iate PCS 

i n t o (B-37) y i e l d s the fo l lowing M matrix-

d 2 W 

uy (2) ¥ 

d2W 

V(12) 

d2W 

-¥ (22) 

2d2W 

- V ( 1 1 ) 

( 1 1 ) 
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(B.38) M= 

1 - A / I ^ (1^d) 

PIP2 ^ 

0 

0 

0 

1 

0 

0 

2 
0 

0 

1 

0 

0 

- 1 

d 

0 

0 

0 

0 

- 1 

d 

0 

4 A - 2 

- A / I ^ 

Y 2 

0 

0 

0 

0 0 0 0 0 

1- -

1 1 
0 0 0 -(1-/) 0 

2 d 

0 

0 

0 

0 

0 

:1 
0 

0 

0 

-1 

2d2 

0 
1 1 -1 
-d-/) — 
2 d 2d2 

Once both V(9) and M matrices have been found, the 

covariance matrix of the coefficients of an estimated PQDF, 

V(P), can be obtained immediately from the following 

equation; 

(B.39) V(P)= V = M V(6) M' 

P1P2 

r^II "^12 Vii Vii V15 V16^ 

¥21 V22 V23 V24 ¥25 V26 

^11 V32 ¥13 V3.4 ¥35 V36 

V41 V42 V43 V44 ¥45 ¥46 

V51 ¥52 V53 V54 ¥55 ¥56 

-¥61 ¥62 V6 3 ¥64 V65 V65J 

where 
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^11 = 2* 
( 1 * d ) 2 A * p 2 ( 1 * p l ) 

16 

Pl A ^ 
V22 = ( p 2 * — ) * (1*d)p2 (1*p1) , 

d 2 " ~ 

PJL A ^ 
V33 = (p2*—) * (Ud) p l p 2 , 

d 2 

1 
¥44 = p l p 2 ( 1 - /)^, 

d 

1 Pl 1 
¥55 = ¥66 = - { ( p 2 * — ) * p l p 2 ( 1 - / ) 2 } , 

4 d2 ~ d 

1 A ^ Pl P l 
¥15 =¥51 = - { (1+d}p2 (1*pl ) - ( p 2 * — ) } , 

2 4 d d 

1 A ^ Pl 
V i i = V61 = - [ (H-d)p2-1} (pa* — ) , 

2 4 d 

- p 2 A / 1 * d Pl 
¥26 = ¥62 = / ( p 2 * — ) , 

2 / 2 d 
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1 /1*d 
¥34 = V43 = -Plpl(1-/)A, 

d / 2 

^ Pl 1 
¥56 = ¥65 = -{(p2*—)-plp2(1-/)2l , 

4 d2 d 

and the rest of the elements in ¥(P) are all equal to zero-
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APPENDIX C 

D e r i v a t i o n o f Asymptot ic Error Rates 
with T w o - v a r i a t e LCS and PCS 

F o l l o w i n g Theorem (1) of O ' N e i l l ( 1 9 8 0 ) , t h e a s y m p t o t i c 

e r r o r r a t e o f t i s d e f i n e d a s : 

(C.I) AERR(t) = l im E{n (ERR(t) - ERR(6))} 
n 

= E(z 'Bz) = t r {E(z 'Bz ) } 

= t r {B E ( z z ' ) } = t r ( B ¥ ) . 

where z i s d i s t r i b u t e d a s N (0,¥) , and 
k*1 

(C-2) B = - r | V D ( X , 8 ) 1 - » ' V D(X,6) V»D(X,6) f (X) dm , 
** ^R X 6 6 R 

where m is a lebesque measure on R and 
R 

(C-3) f (X)= pj_ f(Xn}* P2 f(X12)-

The d e r i v a t i o n of t h e O ' N e i l l ' s B matrix i n t w o - v a r i a t e c a s e 

i s shown a s below-

(1) With L inear Covar iance S t r u c t u r e (LCS): The 

opt imal d i s c r i m i n a n t f u n c t i o n with t w o - v a r i a t e LCS can be 

w r i t t e n as 

(C-4) Dt(X) = L(X) = X ' I - M A # 0 ) ' - V 2 { ( A r O i l - M A ' O ) •} 

* l o g ( p l / p 2 ) 

= A ^ l - 1 /2 A ^ +A / 
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where A = i o g (Pl/p2) . Then O ' N e i l l ' s B matrix using an 

es t imated LDF i s g iven by 

(C.5) B = - [ [ ¥ ( ; ( */^X )1 
L 4 J R I X 2 1 J 

- 1 

• ¥ (P *p X *P X )¥'(J5 *p X *p X ) f (X)dm 
P 0 1 1 2 2 p 0 1 1 2 2 R 

= - j A - M X l ] (1/X ,X ) (p f (XJ1)*p f (XI 2)} dm 
4 U R lx2J 1 2 1 2 R 

1 rx ,-1 XI X2 ^ P l 
= I J X I XX^ X1X2 { 

4 A JRtX2 1XX2 X22 J 2TT 

1 
P l - / l ( x - A ) 2 * X 2 ) } 

e 2 1 2 

1 
P2 - / ( X 2 •X2 ) 

* e 2 1 2 } dm , 
2 n R 

where R= {XJ Dt (X) = 0} . Thus on the discriminant boundary 

R={X|AXl-1 /2 A^+A=0}# the value of XI i s X l = A / 2 - X/Zl • 

Subs t i tu t ing Xl i n t o (C .5 ) , one has 

1 A X 
-i ry r^ XI X2 - . p l - / { ( A ) 2 + X2} 

(C.6) B = J XI XX^ X1X2J ( e 2 2 A 2 
L 4 A vix LX2 X1X2 X22 J 2TT A 

2 

1 A X 
p2 - / { ( )2*X2JdX 

* e 2 2 A 2 2 
2rr 

1 ^ A X 1 A -/̂  
1 r 1 -/X2 - / ( - *—) 2 -/(—^—)2 

= j e 2 2 { p e 2 2 A • p e 2 2 A i^X 
4 A J x 2 r r 1 2 

2 
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Thus , with some a l g e b r a , one has 

1 A A -A A 
(C-7) B = $ ( — * — ) (1 • e e ) 

L 4 A 2 A J rI XI X2 , 
\XX X}2 X1X2U(X 

X 1X2 X1X2 122 J 
)dX . 

2 2 

With XI b e i n g c o n s t a n t , the value of the i n t e g r a l with 

r e s p e c t t o X2 can be regarded a s the e x p e c t e d va lue of t h e 

3 X 3 c r o s s - p r o d u c t matrix of X2 where X2 has a s tandard 

normal d i s t r i b u t i o n - Thus 

P l A A 
(C-8) B = 4 ( — *—) 

I- 2 A 2 A 

1 (A / 2 - A / A ) Oi 

(A/2-A/A) (A/2-A/A )̂  0 
0 o r 

s i n c e t h e d i s c r i m i n a n t boundary of the e s t i m a t e d PQDF 

with LCS w i l l converge a s y m p t o t i c a l l y t o R={X1AX1- 1/2 A ^ * 

>l=0}, t h e B m a t r i c e us ing e s t i m a t e d PQDF and LDF are 

d i f f e r e n t o n l y i n t h e c r o s s - p r o d u c t matrix o f X2, i . e . . 

(C-9) 
P l A A 

B = d( 
2A 2 A ^X 

r ^ 1 
X I 
X2 
X1X2 
X12 

Lx2 2 J 

r ^ 1 
XI 
X2 
XI X2 
xi^ 

-X22 . 

S(X ) dX . 
2 2 

The present problem is to compute the third and the 

fourth moments for X2 which is a standard normal random 

variable. Following Kendall and Stuart (1977) , the first 

and the third moment are both zero, the second moment is 

one, and the fourth moment is given by: 



1 4! 
(C-10) M(4) = E(X*) = — • — = 3 , 

2^ 2 ! 

T h u s , E q u a t i o n (C.9) can be w r i t t e n a s 
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(C- 11) B = 
Pl A A 

« ( — * — ) 

2A 2 A 

r 1 XI 0 0 
XI X12 0 0 

0 0 1 XI 
0 0 XI x p 

X12 X13 0 0 
*- 1 XI 0 0 

XV^ 1 , 
X13 XI 

0 0 
0 0 

XI* X12 
X12 3 

where XI = A / 2 - A / A 

The B m a t r i x u s i n g an e s t i m a t e d QDF, B , i s i d e n t i c a l 
Q 

t o B -
P 

L e t B=B =B , t h e AERR (L) , AERR(P) , and AERR (Q) a r e t h e n 
P Q 

g i v e n by 

(C. 12) AEER(L) = t r (B ¥ ) , 
L L 

(C- 13) AERR(P) = t r (B¥ ) , 
P 

and 

(C-14) AERR(Q) = t r ( B ¥ ) , 
Q 

where ¥ , ¥ , and ¥ a re the covariance matrices of the 
L P Q 

c o e f f i c i e n t s of the LDF, PQDF and the QDF, r e s p e c t i v e l y -

The procedure of de r iv ing these mat r ices was discussed in 

Appendix B-
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(2) With P r o p o r t i o n a l Covariance S t r u c t u r e (PCS): The 

o p t i m a l d i s c r i m i n a n t boundary with the PCS i s 

(C-15) R = [X|Dt(X)= PP*PlXl*JiJ2X2*jB3XlX2*JJ4X12*p5X22 = 0} 

= {XlDt(X)= l o g d *A - A ^ ( 1 + d ) / 4 * A / ( 1 + d ) / 2 XI 

* ( 1 - d ) X 1 2 / 2 d * ( 1 - d ) X l 2 / 2 d =0} -

Thus 

P0= l o g d *X - A ^ ( 1 * d ) / 4 , 

Pl= A / < 1 ^ d ) / 2 , 

and 

p2= ^3 =0 , 

P4= IP 5= ( 1 - d ) / 2 d , 

(±) 
X = [-^ ± /P2-4JP (^ +p x2)} / 2p . 

1 1 1 4 0 5 2 4 

After s u b s t i t u t i n g XI i n t o (C-15) and f o l l o w i n g the 

p r e v i o u s p r o c e d u r e , the B matr ix using an e s t i m a t e d PQDF i s 

then g iven by the f o l l o w i n g : 

(C-16) B = 
P 
= - r {{? 

4 »J E 1 

-1/2 
* 2 ^ X ) 2 + ( 2 ^ X ) 2 } 

4 1 5 2 

r ^ 1 
XI 
X2 
X1X2 
X12 

Lx22 J 
: 

r 1 -, 

XI 
X2 
X1X2 
X12 
1-X22 J 

• [p f (X11)*p f (Xj2)}diii 
1 2 P 
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L e t Xc£ d e n o t e t h e c r o s s - p r o d u c t m a t r i x , t n e n 

(C.17) B = - r {^2-4^ ^ . 4 ^ p X2+4B2X21~^^^ 
P 4 J x 1 0 4 4 5 2 5 2 

• Xc£{p f ( X 1 1 ) * p f ( X | 2 ) i d X 
^ 2 2 

1 r -1/2 

' 4 Jx ^^l''*^oV ^^^^^ f(X|1)*P f(XJ2)}dX 
2 2 2 

1 - 1 / 2 p 
- - 0 2 - 4 P p ) I X c £ [ p f ( X 1 1 ) * p f ( X i 2 ) } d X 

4 1 0 4 J x 1 2 
2 

L e t C= ^ 1 2 - 4 p 0 p 4 , t h e n 

1 - 1 / 2 p (*) P l - 1 / 2 [(X - p )2+x2} 
(C-18) B = - C {Xcp{ e 1 1 2 * 

P 4 J Y 7TT P 4 U X 2TT 
2 

1 (•) 
P2 {(X ) 2 + X2} 

e 2d 1 2 ] 
2U d 

( - ) 
( - ) P l - 1 / 2 C ( X - P )2 *X2} 

* Xc£{ e 1 1 2 * 
2TT 

1 (-) 
P2 {(X )2 + X2} 

e 2d 1 2 }} 
2T1 d 

(±) (±) 
where Xcp i s t h e Xc£ r e s u l t e d by s u b s t i t u t i n g Xl i n t o t h e 

c r o s s - p r o d u c t m a t r i x -
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Hith soae algebra, Eguation (C.I8) can be reduced to 

the following: 

(L.iy) B C { Xc£ { e 1 0 4 1 
P 2 J Y jn 

X 4 
2n 

2 

2P2^ (1*p )} 
14 4 }dX 

2 

r (-) 1 -1/202-2^ ^ *p /£~(142JB )* 
* J Xcp [ e 1 0 4 1 X 

X 2 n 
2 

2^2? (1*P ) } 
1 4 4 }dX } , 

2 

where 

(C-20) C = ^ 2 - 4 ^ (^ .̂̂  X2) = C-4^ p X2. 
X 1 4 0 5 2 4 5 2 

This e q u a t i o n can be w r i t t e n a l t e r n a t i v e l y as: 

P l - 1 / 2 p P l - d / ^ 
(C-21) B = —C { v V S( ) 5(X )dX 

P 2 J x 1-d 2 2 
2 

J Pl*d/'Tx 
WW' « ( ) i (X )dX I , 

X 1-d 2 2 
2 

where 
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r l 

(C.22) V = 

( - P l * / T x ) / 2 P 4 

X2 

( - P l * / T x ) X2/2P4 

( - ^ 1 * / T x ) 2/2)i42 

X22 

and 

(C. 23) w = 

r l 

(- P l - / T i ) /2J34 

X2 

{ - ^ 1 - / T i ) X2/2^4 

( - ^ 1 - / T x ) 2/2P42 

Lx22 

The problem of e v a l u a t i n g t h i s B matrix i s i n t r a c t a b l e , 

t h u s numer ica l i n t e g r a t i o n methods such as S impson's r u l e 

and Newton's method were a p p l i e d h e r e , us ing 21 data p o i n t s . 

The B matrix i s e g u a l to B here s i n c e both DF's have 
Q P 

t h e same c r o s s - p r o d u c t m a t r i c e s Xc£, Thus the AERR(P) and 

AERR(Q) can be found u s i n g i d e n t i c a l B Matrix (B=B =B ) , 
P Q 

i-e-: 

(C.24) AERR(P) = t r ( f l ¥ ) 
P 

and 

(C.25) AERR(Q) = t r ( B ¥ ) 
Q 
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where ¥^ and ¥ are the covariance matrices of the 

coefficients of the PQDF and the QDF-
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APPENDIX D 

Der iva t ions of Maxinum LUe l ihood Functions 

(1) With Linear Covariance Structure (LCS), i - e - , YX=l2-^yz 

The l i k e l i h o o d func t ion of t h e sample with known 

p a r a m e t e r s i s g iven by 

- n l k / 2 - n 1 / 2 
(D-1) L ( u l , u 2 , ¥ ) = ( 2 n ) |¥J " 

n l 
- 1 / 2 C S (Xi- u D ' ¥ - M X i - u l ) } 

e 1=1 

-n2k /2 - n 2 / 2 
{211) | ¥ i 

n2 
- 1 / 2 { S (XI- a 2 ) ' ¥ - i ( X J - u2)} 

• e j=1 

- (nl*n2) k/2 - (nl*n2) / 2 
i2n) |¥ ) 

n l 
- 1 / 2 { S~(Xi- u l ) ' ¥ - M X i - u l ) } 
I i=1 

n2 
- 1 / 2 i S (XI- u 2 ) ' ¥ - M X i - u2)} 

• e j= 1 

I t i s w e l l known t h a t t he maximum l i k e l i h o o d e s t i m a t e s 

(MLE) of u l , u2 , and ¥ with LCS a r e given by 

A _ 1 n i 
(D-2) u i = Xi = — 2 ~ X i i , 1=1 /2 , 

ni 3=1 
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A 1 

(D-3) ¥ = S = S i = (Al* A2) , 1 = 1 , 2 , 
(nl*n2) 

where X i i i s t h e j t h k X 1 sample vec tor from t h e p o p u l a t i o n 

i (TTi) / and 

ni _ _ 
(D.^) Ai = 2 " ( X i i - Xi) ( X i i - X i ) ' , 1 = 1 , 2 . 

3=1 

Thus the maximum l i k e l i h o o d f u n c t i o n der ived from the 

sample can be w r i t t e n a s 

_ - - ( n l * n 2 ) k / 2 - ( n 1 * n 2 ) / 2 
(D.5) L(X1,X2,S) = ( 2 n ) JS| 

nl _ 
- 1 / 2 { 2 " ( X i - X l ) ' S - i ( X i - XI)} 

• e 1=1 

n2 _ 
- 1 / 2 { 2 ~ ( X i - X 2 ) ' S - M X i - X2)} 

3=1 

S i n c e 

n l _ _ n2 _ 
-1/2 { S" (x i -x i ) ' s - i (x i -x i ) * 2 (Xi-x2)'s-MXi-xj)} 

(D-6) e i=1 j=1 

- 1 / 2 { t r ( S - i A l ) * t r ( S - * A 2 ) } 
= € 

- 1 / 2 t r a c e ( S - i A l * S-»A2) 
e 

- 1 / 2 t r a c e £ S - M A l * A2)} 
€ 
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-1/2 trace£(nl*n2) (Al* A2)-i(Al* A2) } 
e 

-1/2 trace {(nl*n2) •!} 
= e 

-1/2 k(nl*n2) 
= e 

thus 

_ ^ -(n1*n2)k/2 - (nl*n2)/2 
(D.7) L(X1,X2,S) = (2TT) \Si 

-1/2 k (nl*n2) 
e 

(2) With Proportional Covariance Structure, PCS, ¥l=¥2/d=¥: 

The likelihood function of the sample with known 

parameters is given by 

-nlk/2 -nl/2 
(D.S) L(ul,u2,¥,d) = (2TT) iVI 

nl 
-1/2 C 2 (Xi-ul)'¥-MXi-ul)} 

• e i=1 

-n2k /2 - n 2 / 2 
• (2TT) ld¥J 

n2 
- 1 / 2 { S"(Xi-n2) • ( d ¥ ) - M X i - u 2 ) } 

• e j=1 

- ( n l * n 2 ) k / 2 - ( n l * n 2 ) / 2 - n 2 k / 2 
( 2 n ) 1^^ ^ 
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n l 
- 1 / 2 ( 2 ( X i - u l ) ' ¥ - i ( X i - u l ) } 

• e i=i 

n2 
- 1 / 2 ( l / d S~(Xi-u2) • ¥ - i ( X i - u 2 ) } 

• e 3=1 - ^ 

The MLE's of u l and u2 are the same a s t h o s e i n LCS-

As f o r ¥ and d , t h e i r MLE's were der ived i n S e c t i o n 3,2 and 

g i v e n by Equat ions ( 3 . 4 ) and ( 3 . 5 ) . Thus one can w r i t e the 

l i k e l i h o o d f u n c t i o n maximized with r e s p e c t t o u l , u2 , ¥ , and 

d a s 

- - 'y - ( n l * n 2 ) k / 2 - ( n 1 * n 2 ) / 2 „ -n2k/2 
(D.9) L ( X l , X 2 , S , d ) = ( 2 n ) ISJ d " 

nl __ 
- 1 / 2 C 2 ~ ( X i - X l ) ' S - i ( X i - X l ) } 

• e 1=1 

- 1 / 2 {1/d 2 (Xi-X2) ' S - M X i - X ^ ) } 
• e j = 1 

S ince 

n l _ A n 2 _ 
- 1 / 2 { S" ( X i - X l ) ' S - i (Xi-Xl) * 1/d 2 (Xi-X2) 'S-A{XJ-X2)} 

(D-10) e 1=1 j=1 

- 1 / 2 { t r ( S - i A l ) * 1 / d t r ( S - i A 2 ) } 
= € 

- 1 / 2 t r a c e {S- iAl *1/d (S - iA2)} 
= € 

- 1 / 2 t r a c e [S-MAI + 1/d A2) } 
e 
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-1/2 trace{(nl*n2) (AH 1/d A2)-MAl*1/d A2) } 
e 

-1/2 trace£ (nl*n2) •I} 
e 

-1/2 k(nl*n2) 
e 

thus 

- _ /v -(nl*n2)k/2 -(nl*n2)/2 „-n2k/2 
(D. 11) L(Xl,X2,S,d) = {2T1) \S\ d 

-1/2 k(nl+n2) 
• e 

(3) With Quadratic Covariance Structure (QCS), ¥lit(1/d)¥2: 

The likelihood function of the sample with known 

parameters i s given by 

-nlk/2 -nl/2 
(D, 12) L(ul,u2,¥l,¥2) = (2TT) IVU 

nl 
-1/2 CS (Xi-ul)'Vl-MXi-ul)} 

e 1=1 

-n2k/2 -n2/2 
• {211) \ni 

n2 
-1/2 ( 2 (Xi-u2)'¥2-MXi-u2)} 

• e j=1 

-(nl*n2)k/2 -nl/2 -n2/2 
(2n) \U\ iV21 
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^1 
- 1 / 2 ( S ( X i - u l ) ' ¥ l - » ( X i - u l ) } 

e 1=1 

n2 
- 1 / 2 ( S ( X i - u 2 ) ' ¥ 2 - M X i - u 2 ) } 

e j=1 

The MLE's of u l and u2 are the same a s t h o s e i n LCS, 

The MLE's of ¥1 and ¥2 are d e f i n e d a s f o l l o w s : 

1 
(D-13) ¥ i = S i = — A i , i = 1 , 2 , 

n i 

where Ai was d e f i n e d i n Equat ion (D.4) and X i i -i-s t h e j t h 

k X 1 sample v e c t o r from the p o p u l a t i o n 1 . 

Thus t h e maximum l i k e l i h o o d f u n c t i o n der ived from the 

sample can be w r i t t e n as 

- ( n l * n 2 ) k / 2 - n l / 2 - n 2 / 2 
(D.14) L (XI, X 2 , S I , S2) = (2TT) JSU |S21 

n l _ 
- 1 / 2 [ 2 ( X i - X l ) ' S I - M X i - X I ) } 

e 1=1 

n2 _ 
- 1 / 2 i S ( X i - X 2 ) ' S 2 - M X i - X 2 ) } 

e j=1 

S i n c e 

- 1 / 2 C S " ( X i - X l ) 'Sl'^ (Xi-Xl) * T (Xi-X2) •S2-» (Xi-X2) } 
(D-15) e 1=1 ^""'^ 

- 1 / 2 { t r ( S l - i A l ) * t r ( S 2 - i A 2 ) } 
= € 
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t h u s 

- 1 / 2 t r a c e ( S l - i A 1 * S2-iA2) 

- 1 / 2 t r a c e { n l A l - i A l * n2A2-iA2} 

- 1 / 2 t r a c e [n l^I * n2^I} 
e ~ 

- 1 / 2 t r a c e £ ( n l * n 2 ) - I } 
€ 

- 1 / 2 k(nl*n2) 
€ 

,̂  ,,, - ^ _-(nl+n2)k/2 -nl/2 -n2/2 
(D.16) L(X1,X2,S1,S2) = (2TT) JSlJ JS2| " 

-1/2 k(nl*n2) 
• e 
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APPENDIX £ 

P l o t s Of Asymptot ic and F i n i t e Sanple R e l a t i v e E f f i c i e n c y 



ASYMPTOTIC RELATIVE EFFICIENCY 

191 

C.33 

G.GG C. 

C.65 

PRIOR PROBRBILirr 

GROUP DISTANCE 

Figure 8: Asymptotic Re la t ive Ef f i c iency of the PQDF to the 
LDF with One-variate LCS 



ASYMPTOTIC RELATIVE EFFICIENCY 

192 

GROUP DISTANCE 

0.95 

0.65 

PRIOR PROBFlBILiTT I 

Figure 9: Asymptotic Re la t ive Ef f i c iency of the PQDF to the 
LDF with Two-variate LCS 



1S3 

ASYMPTOTIC RELATIVE EFFICIENCY 

1 r 

0.67 -

0.33 -

0.00 C.95 

PRIOR PROBflBILITT 1 

GROUP DISTANCE 

TILTED AT A 45 DEGREE ANGLE 1 

Figure 10: Asymptotic Relat ive Ef f i c iency of the PQDF 
the LDF with Two-variate LCS (Ti l ted at a 
Degree Angle) 

to 
45 



ASYMPTOTIC RELATIVE EFFTCT-\-C^-

194 

GROUP DISTANCE 

;.95 

PRIOR PROBRBI^I'T 1 

C.I 
0.05 

Figure 11: Asymptot i c R e l a t i v e E f f i c i e n c y of t h e QDF t o the 
PQDF w i t h T w o - v a r i a t e LCS 
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ASYMPTOTIC RELATIVE EFFICIENCY 

=RE 

CO -

25 

GRQUP [^ISlf^f-lCt. 

PRIZ'R PROBReiLIT^ jv =0P:;_;:^:IC;N-ONE I: 

Figure 12: Asymptotic Relat ive Ef f ic iency of the QDF to the 
PQEF with Two-variate PCS and 0-25 as the Pr ior 
P r o b a b i l i t y One 
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ASYMPTOTIC RELATIVE EFFICIENCY 

ARE 

r r,r 

C.77 

PROPGRTICNflLITT 

GROUP DISTANCE 

G.3 

PRIOR PROBABILITY IN POPULATION-ONE IS C.5 

F i g u r e 13: Asymptot i c R e l a t i v e E f f i c i e n c y of t h e QDF t o t h e 
PQDF w i t h Two-var ia t e PCS and 0-5 a s t h e Pr ior 
ProbaiDl l i ty One 



197 

ASYMPTOTIC RELATIVE EFFICIENCY 

R̂E 

- Q -

^ . /v 

C.59 <i-D 

3.C 

PROPORT'ONALITT 

GROUP DISTANCE 

C.3 

Figure 14: 

PRIOR PROBABILirr IN POPULATION-ONE 15 0.75 

Asymptotic Relat ive Eff ic iency of the QDF to the 
PQDF with Two-variate PCS and 0-75 as the Prior 
p r o b a b i l i t y One 



ASYMPTOTIC RELATIVE EFFICIENCY 

198 

ARE 

L . 

G.CO 

PROPORTIONALI:T 

C.95 

C.S5 

PRIOR PROBABIuITT I 

Figure 15: 

DEGREE OF SEPARATION IS C.25 

Asymptotic Re la t ive Ef f i c iency of the QDF to the 
PQDF with Two-variate PCS and 0-25 as the Group 
Distance 



ASYMPTOTIC RELATIVE EFFICIENCY 

199 

ARE 

a-2 

J. ^ n -t 

04 

O Q~ 

0.65 

PRIOR PROBABILITY 

PROPORTIONALIT 

DEGREE OF SEPARATION IS 2. 

Figure 16: Asymptotic Re la t ive Ef f ic iency of the QDF to the 
PQDF with Two-variate PCS and 2-0 as the Group 
Distance 



ASYMPTOTIC RELATIVE EFFICIENCY 

200 

ARE 

0,78 -

0.70 -

0.63 

0.55 

PROPORTIQNflLITT 

C.95 

0.65 

PRIOR PROBABILI^^ 1 

DEGREE OF SEPARATION IS 5.0 

Figure 17: Asymptotic Re la t ive Ef f ic iency of the QDF to the 
PQDF with Iwo-var ia te PCS and 5-0 as the Group PQ 
Distance 



ASYMPTOTIC RELATIVE EFFICIENCY 

201 

Figure 18; 

COEFFICIE^'' 0!̂  PROPORTIONAL 

Asymptotic Re lat ive Ef f i c i ency of the QDF to the 
PQDF with Two-variate PCS and 1-5 as the 
C o e f f i c i e n t of P r o p o r t i o n a l i t y 
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ASYMPTOTIC RELATIVE EFFICIENCY 

ARE 

i.Ci 

^ 3: 

C.C5 

PRIOR PROBAEIui"^ 

GROUP DIS'ANCE 

Figure 19: 

COEF'I CI EN' 0:̂  PROPORTIONALI"'' IS 6.C 

Asymptotic Re lat ive Ef f i c i ency of the QDF to the 
PQDF with Iwo-var iate PCS and 6-0 as the 
c o e f f i c i e n t of P r o p o r t i o n a l i t y 
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ASYMPTOTIC RELATIVE EFFICIENCY 

ARE 

1.00 

0.66 -

0.33 -

O.OC 0.95 

0.65 

PRIOR PROBABILITY 1 

GROUP DISTANCE 

Figure 20: 

COEFFICIENT OF PROPORTIONflLITT IS 15.0 

Asymptotic Rela t ive Efficiency of the QDF t o the 
PQDF with Two-variate PCS and 15-0 as the 
Coef f i c i en t of P r o p o r t i o n a l i t y 
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ASYMPTOTIC RELATIVE EFFICIENCY 

ARE 

0.96 

0.82 

0.69 -

0.55 

GROUP DISTANCE 

0.95 

0.65 

PRIOR PROBABILITY 1 

COEFFICIENT OF PROPORTIONALITY IS 25.0 

Figure 21: Asymptotic Re la t ive Ef f i c iency of the QDF t o the 
PQDF with Two-variate PCS and 25-0 as the 
C o e f f i c i e n t of Propor t iona l i ty 
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RELATIVE EFFICIENCY WITH FINITE SAMPLE 
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Figure 22: R e l a t i v e Ef f i c i ency of the PQDF to the LDF with 
Skewness=1, nl=n2=15, and Distance=1 
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RELATIVE EFFICIENCY WITH FINITE SAMPLE 
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Figure 23: R e l a t i v e Ef f i c i ency of the PQDF to the LDF with 
Skewness=1, nl=n2=15, and Distance=4 
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Figure 24: R e l a t i v e Ef f i c i ency of the PQDF to the LDF with 
Skewness=1, nl=n2=3 0, and Distance=1 
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RELATIVE EFFICIENCY WITH FINITE SAMPLE 
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Figure 25: Re la t ive Ef f i c i ency of the PQDF to the LDF with 
Skewness=1, nl=n2=30, and Distance=4 
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RELATIVE EFFICIENCY WITH FINITE SAMPLE 
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Figure 27: R e l a t i v e Ef f i c i ency of the PQDF to the QDF with 
Sk€wness=1, nl=n2=15, and Distance=4 
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F i g u r e 28: R e l a t i v e E f f i c i ency of t he PQDF to the QDF with 
Skewness=1, nl=n2=3 0 , and Distance=1 
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RELATIVE EFFICIENCY WITH FINITE SAMPLE 
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Figure 29: R e l a t i v e Ef f i c i ency of the PQDF to the QDF with 
Skevness=1, nl=n2=3 0 , and Distance=4 
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RELATIVE EFFICIENCY WITH FINITE SAMPLE 

R 
E 
L 
fl 
T 
I 
V 
E 

E 
F 
F 
I 
C 
I 
E 
N 
C 
Y 

0 
F 

P 
/ 
L 

9 . 0 -

8 . 5 -

8 . 0 -

7 . 5 -
• 

7 . 0 -
-

6 . 5 -
• 

6 . 0 -
• 

5 . 5 -
-

5 . 0 -
-

4 . 5 -
-

4 . 0 -
-

3 . 5 -
-

3 . 0 -

2 . 5 -
-

2 . 0 -
-

3 . 5 -
• 

3 . 0 -

0 , 5 -
r • 

0 . 0 -

• * : 

- , , 1 1 1 1 1 r — 1 1 1 1 1 r — ] 1 1 1 1 1 • > • 1 1 • ' ' ' ^ 

2 3 4 

NUMBER OF VflRIflBLE 

LEGEND: ALPHA + + + 3 x x X 2 * * * 4 

Figure 30: R e l a t i v e Ef f i c i ency of the PQDF to the LDF with 
Skewness=3, nl=n2=15, and Distance=1 
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RELATIVE EFFICIENCY WITH FINITE SAMPLE 
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Figure 31: R e l a t i v e Ef f i c i ency of the PQDF to the LDF with 
Skewness=3, nl=n2=15, and Distance=4 
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RELATIVE EFFICIENCY WITH FINITE SAMPLE 
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F i g u r e 32: R e l a t i v e E f f i c i e n c y of the PQDF to the LDF with 
Skewness=3, nl=n2=30, and Distance=1 
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REUTIVE EFFICIENCY WITH FINITE SAMPLE 
9,OH 
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Figure 33: R e l a t i v e Ef f ic iency of the PQDF to the LDP W^̂ -K 

Skevness=3, nl=n2=3 0, and Distance°U " 



217 

RELATIVE EFFICIENCY WITH FINITE SAMPLE 
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Figure 34: R e l a t i v e Ef f i c iency of the PQDF to the QDF with 
Skewness=3, nl=n2=15, and Distance=1 
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RELATIVE EFFICIENCY WITH FINITE SAMPLE 
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Figure 35: Re la t ive Ef f ic iency of tne PQDF to the QDF with 
Skewness=3, nl=n2=15, and Distance=4 
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Figure 36: R e l a t i v e Ef f ic iency of the PQDF to the QDF with 
Skewness=3, nl=n2=30, and Distance=1 
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RELATIVE EFFICIENCY WITH FINITE SAMPLE 
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F i g u r e 37: R e l a t i v e E f f i c i e n c y of the PQDF to the QDF with 
Skewness=3 , n l=n2=30, and Distance=4 
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Flowchart for Honte Carlo Simulation 
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Jl 
^'^ compute D=y2(x^.X2).(3^^^)-l(3^^.^^ 

(2) Generate a pair of samples of size n . 

(3) Compute estimates of y,, un^ -̂i > ^2* ''"̂  '^' 

(4) Conduct GLR test to obtain p-value. 

(5) Compute the coefficients of optimal and estimated DF 
for each of the LDF, QDF, and PQDF. 

(6) Calculate discriminant scores, classify obs., and 
obtain apparent ER, Pg(*). and estimated optimal ER, 
p.|(*), using each of the LDF, QDF, and PQDF. (*=L,Q,P) 

±-
(1) Generate 500 new obs, 

(2) Calculate discriminant scores, classify obs., and 

(3) Compute E[pg(*)- \>2^*)1^. 

obtain estimated actual ER, P3(*). *=L,Q,P. 

No 

\/_ 

(1) Average p^(*)"s. P3(*)'s, and Pg(*)'s to obtain E E P ^ C * ) ] 

p^(*), and E[P5(*)]. 

(2) Calculate RE among LDF, QDF, and PQDF. 

(3) Compute SD for p^(*), P3(*), and Pg(*), *=L.Q,P-
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APPENDIX 6 

T a b l e s of R e s u l t s f r o a Honte Carlo S i u u l a t i o n 
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TABLE 20 

Simulation Resu l t s Using 200 Rep l i ca t ions and Slcewness=1 

Propor t iona l i ty 

k n ^ SUBJECT 

APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 

1 ACTERQ 
OPTERR 
P ( L / P ) 
P ( P / Q ) 
DELTAH 

15 ALPHAH 
APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 

4 ACTERQ 
OPTERR 
P ( L / P ) 
P ( P / Q ) 
DELTAH 

2 ALPHAH 
APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 
( 2 ^ ^ ^k m^ •— —̂ 

1 ACT ER C 
OPTERR 
P ( L / P ) 
P (P/Q) 
DELTAH 
^ Xm.^^ - ^ A* * « 

30 ALPHAH 
APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 

4 ACTERQ 
OPTERR 
P ( L / P ) 
P ( P / Q ) 
DELTAH 
ALPHAH 

* 
—

^ 
* 

i 
1 

i 
II 

1 

t 
1 

1 
1 

1 
1 

1 
t 

HEAN STDERR 

0 . 3 0 0 8 0 . 0 0 6 2 
0 . 2 9 0 8 0 . 0 0 6 0 
0 . 2 8 2 7 0 - 0 0 5 8 
0 . 3 2 6 7 0 . 0 0 2 3 
0 . 3 3 5 9 0 . 0 0 2 6 
0 . 3 4 8 6 0 . 0 0 2 7 
0 . 3 0 6 8 0 . 0 0 1 4 
0 - 4 8 3 7 0 . 0 2 1 1 
0 . 4 9 3 4 0 -0211 
1 . 0 7 4 6 0 . 0 3 0 7 
1 . 0 9 7 3 0 - 0 3 0 6 
0 - 0 1 9 2 0 . 0 0 1 9 
0 . 0 1 7 8 0 . 0 0 1 9 
0 . 0 1 6 3 0.001,7 
0 . 0 256 0. 00O6 
0 . 0 2 8 6 0 . 0 0 0 7 
0 . 0 3 0 8 0 . 0 0 0 8 
0 . 0 2 1 7 0 - 0 0 0 5 
0 . 4 9 4 3 0 - 0 2 1 8 
0 . 4 5 0 4 0 . 0 1 9 8 
4 . 2 1 3 9 0 . 0 5 1 3 
1 . 0 7 8 8 0 . 0 3 5 0 
0 . 3 0 2 3 0 - 0 0 3 8 
0 . 3 0 0 5 0 . 0 0 3 7 
0 . 2 9 6 2 0 - 0 0 3 7 
0 . 3 1 6 0 0 . 0 0 1 7 
0 . 3 1 9 8 0 . 0 0 1 7 
0 . 3 2 6 4 0 . 0 0 2 1 
0 . 3 0 8 5 0 . 0 0 1 4 
0 . 5 0 9 8 0 . 0 2 0 3 
0 - 5 06 9 0 . 0 2 0 6 
1 -0459 0 - 0 1 8 5 
1 -0302 0 - 0 1 9 2 . 
0 . 0 2 2 2 0 . 0 0 1 4 
0 . 0 2 1 5 0 . 0 0 1 4 
0 . 0 2 1 6 0 . 0 0 1 4 
0 . 0 2 4 8 0 - 0 0 0 5 
0 . 0 2 5 1 0 . 0 0 0 5 
0 . 0 2 5 6 0 . 0 0 0 6 
0 . 0 2 2 8 0 . 0 0 0 5 
0 . 5 4 4 3 0 . 0 2 0 6 
0 . 5 1 2 4 0 . 0 2 0 4 
4 . 0 7 2 9 0 . 0 3 5 6 
1 . 0 0 2 0 0 . 0 1 7 6 . 

2 

MEAN STDERR 

0 . 2 7 5 7 0 . 0 0 6 1 
0 . 2 4 3 2 0 . 0 0 5 4 
0 .2313 0 . 0 0 5 5 
0 . 3 1 8 3 0 . 0 0 2 2 
0 .3037 0 . 0 0 2 3 
0 . 3 1 2 4 0 . 0 0 2 3 
0 . 2 7 6 6 0 . 0 0 1 5 
0 . 1 6 9 5 0 . 0 1 7 2 
0 . 4 6 6 3 0 . 0 2 1 1 
1.1710 0 . 0 2 8 8 
2 . 1 8 7 6 0 . 0 6 0 9 
0 . 0 2 3 0 0 - 0 0 1 8 
0 . 0 1 8 2 0 . 0 0 1 7 
0 . 0 1 7 3 0 . 0 0 1 7 
0 . 0 2 9 0 0 . 0 0 0 8 
0-0272 0 . 0 0 0 7 
0 , 0 2 9 5 0 . 0 0 0 9 
0 .0201 0 . 0 0 0 4 
0. 1783 0 . 0 1 7 6 
0 .4685 0 . 0 2 0 2 
4 . 1650 0 - 0 4 5 4 
2 . 2 0 3 6 0 - 0 6 3 7 
0 . 2 9 6 0 0 - 0 0 4 2 
0 . 2 6 7 3 0 . 0 0 4 0 
0 .2643 0 . 0 0 3 9 
0 . 3 1 0 1 0 . 0 0 1 8 
0 . 2 8 9 2 0 . 0 0 1 5 
0 . 2 9 4 5 0 . 0 0 1 8 
0-2771 0 . 0 0 1 3 
0 -0435 0 - 0 0 6 6 
0 .5034 0 . 0 2 1 6 
1-0499 0 . 0 2 2 0 
:;>-1064 0 . 0 3 6 0 
0 . 0 2 4 2 0 . 0 0 1 3 
0 . 0 1 9 4 0 . 0 0 1 3 
0 .0191 0 - 0 0 1 3 
0 . 0 2 6 7 0 . 0 0 0 6 
0 .0230 0 . 0 0 0 5 
0 . 0 2 4 4 0 . 0 0 0 6 
0-02 02 0 - 0 0 0 4 
0-0646 0 . 0 1 0 0 
0 -4125 0 . 0 2 0 0 
4 -0740 0 - 0 3 4 4 
2 . 0 7 3 1 0 - 0 4 1 8 

4 

HEAN STDERR 

0 . 2 6 3 3 0 - 0 0 5 8 
0 - 1 9 0 0 0 - 0 0 5 0 
0 - 1 8 1 2 0 . 0 0 5 1 
0 . 2 9 5 4 0 . 0 0 2 0 
0 . 2 3 1 6 0 - 0 0 1 8 
0 - 2 4 0 3 0 - 0 0 1 9 
0 - 2 0 9 2 0 - 0 0 1 3 
0 - 0 1 1 4 0 - 0 0 3 8 
0 . 4 6 3 2 0 . 0 2 0 8 
1 .1299 0 . 0 2 8 0 
4 . 4 9 9 4 0 - 1 2 8 6 

" 0 - 0 2 2 0 0 - 0 0 1 8 
0 - 0 1 1 2 0 - 0 0 1 4 
0 - 0 0 9 3 0 . 0 0 1 3 
0 . 0 3 3 0 0 - 0 0 0 9 
0 . 0 2 0 3 0 .O007 
0 . 0 2 2 6 0 . 0 0 0 9 
0 . 0 1 4 5 0 . 0 0 0 4 
0 . 0 1 1 5 0 - 0 0 2 5 
0 - 4 6 8 3 0 - 0 2 1 5 
4 . 3 3 2 5 0 . 0550 
4 - 2 8 0 9 0 . 1 2 3 7 
0 . 2 6 9 3 0 . 0 0 4 4 
0 . 2 0 2 5 0 . 0 0 3 6 
0 - 1 9 9 3 0 - 0 0 3 6 
0 - 2 9 2 6 0 - 0 0 2 0 
0 - 2 2 1 9 0 - 0 0 1 4 
0 . 2 2 5 9 0 . 0 0 1 4 
0 . 2 1 1 1 0 . 0 0 1 2 
0 . 0 0 0 3 0 . 0 0 0 2 
0 . 4 7 6 4 0 . 0 2 0 7 
1 .0680 0 . 0 2 2 6 
4 - 1 0 6 6 0 . 0 7 3 3 
0 . 0 2 5 8 0 . 0 0 1 3 
0 . 0 1 2 5 0 - 0 0 1 0 
0 . 0 1 2 0 0 . 0 0 1 0 
0 - 0 3 0 8 0-00C7 
0 - 0 1 6 7 0 . 0 0 0 5 
0 . 0 1 7 4 0 . 0 0 0 5 
0 . 0 1 4 1 0 . 0 0 0 4 
0 . 0 0 0 2 0 . 0 0 0 1 
0 . 5 0 1 8 0 . 0 2 0 6 
4 . 1 3 5 4 0 - 0 3 7 7 
3 . 9 6 4 3 0 . 0 7 1 6 
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Proportionalit 

k n ^ SUBJECT 

APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 

1 ACTERQ 
OPTERR 
P ( L / P ) 
P ( P / Q ) 
DELTAH 

15 ALPHAH 
APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 

4 ACTERQ 
OPTERR 
P ( L / P ) 
P (P/Q) 
DELTAH 

4 ALPHAH 
APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 

1 ACTERQ 
OPTERR 
P ( 1 / P ) 
P ( P / Q ) 
DELTAH 

30 ALPHAH 
APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 

4 ACTERQ 
OPTERR 
P ( L / P ) 
P (P/Q) 
DELTAH 
ALPHAH 

y d= 

MEAN 

0 . 2 4 3 2 
0 . 2 3 7 8 
0 . 1 9 6 2 
0 - 3 5 0 1 
0 . 3 5 5 8 
0 . 3 9 1 2 
0 . 3 0 5 2 
0 . 5 0 5 3 
0 . 3 2 7 7 
1 . 3 5 6 6 
1 . 0 5 8 7 
0 . 0 1 6 2 
0 . 0 1 6 2 
0 . 0 1 1 3 
0 . 0 3 4 2 
0 - 0 3 7 0 
0 - 0 4 7 9 
0 . 0 2 2 9 
0 . 4 8 8 2 
0 . 3 7 9 1 
4 . 3 6 0 9 
1 . 0 1 4 1 
0 . 2 8 1 9 
0 . 2 8 0 1 
0 . 2 5 4 0 
0 . 3 3 0 4 
0 . 3 3 5 5 
0 . 3 6 2 0 
0 . 3 0 9 7 
0 - 4 6 4 3 
0 . 4 4 2 9 
1 . 1 4 2 3 
1 . 0 1 2 3 
0 . 0 1 7 2 
0 . 0 1 6 9 
0 . 0 1 4 7 
0 . 0 2 6 5 
0 . 0 2 6 9 
0 . 0 3 0 6 
0 . 0 2 1 8 
0 - 5 4 0 4 
0 . 4 2 3 6 
4 . 2 2 2 4 
1 - 0 1 9 8 

TABLE 20 

(Continued) 

1 

STDERR 

0 . 0 0 5 9 
0 -0055 
0 . 0 0 5 2 
0 . 0 0 3 3 
0 . 0 0 3 2 
0 . 0 0 3 2 
0 - 0 0 1 4 
0 -0212 
0 . 0 1 9 1 
0 . 0 3 0 9 
0 . 0 2 2 6 
0 . 0 0 1 8 
0 . 0 0 1 8 
0 . 0 0 1 3 
0. 0009 
0 . 0 0 1 0 
0 . 0 0 1 5 
0 . 0 0 0 5 
0 . 0219 
0 . 0 2 0 5 
0 .0502 
0 . 0 2 2 6 
0 . 0 0 3 9 
0 . 0 0 3 8 
0. 0037 
0 . 0 0 2 1 
0 . 0020 
0 . 0 0 2 5 
0 - 0 0 1 5 
0-02 07 
0 . 0 1 9 3 
0 . 0 1 8 9 
0 . 0 1 4 8 
0 . 0 0 1 2 
0 . 0 0 1 2 
0 . 0 0 1 2 
0- 0006 
0 - 0 0 0 6 
0 . 0 0 0 7 
0 . 0 0 0 4 
0 . 0 2 0 0 
0 . 0 2 1 6 
0 . 0 3 4 7 
0 . 0 1 3 6 

MEAN 

0 . 2 4 68 
0 .1968 
0. 1603 
0 .33 76 
0 . 2 9 1 9 
0 . 33 04 
0 . 2 4 5 2 
0 . 0 8 6 0 
0 -3722 
1-3234 
2 . 0 5 2 2 
0 . 0 1 4 3 
0 .0102 
0 . 0 0 7 0 
0 . 0 3 5 7 
0 . 0 3 1 7 
0 . 0 4 2 6 
0-0187 
0 .0863 
0 .3614 
4 . 5 8 3 6 
2-06 54 
0-2776 
0 .2224 
0 . 2 0 1 3 
0-3224 
0-2672 
0 .2916 
0 -2459 
0 . 0 1 1 2 
0 . 4 3 85 
1.1491 
2 . 0 2 9 2 
0 . 0 2 1 0 
0 .0173 
0 . 0 1 5 8 
0 .02 96 
0 . 0 2 3 6 
0 .0266 
0 . 0 1 8 5 
0 .0126 
0 . 4 099 
4 . 2 0 7 3 
2 . 0 4 3 2 

2 

STDERR 

0 - 0 0 5 5 
0 . 0 0 5 2 
0 . 0 0 4 8 
0 . 0 0 2 7 
0 . 0 0 2 5 
0 . 0 0 2 9 
0 . 0 0 1 3 
0 . 0 1 1 9 
0 - 0 1 9 5 
0 . 0 2 9 1 
0 - 0 4 2 2 
0 - 0 0 1 6 
0 - 0 0 1 3 
0 . 0 0 1 1 
0 . 0 0 1 1 
0 . 0 0 0 9 
O.O018 
0 . 0 0 0 4 
0 . 0 1 3 4 
0 . 0 2 0 3 
0 - 0 5 3 2 
0 . 0 4 1 0 
0 . 0 0 3 9 
0 - 0 0 4 0 
0 - 0 0 3 5 
0 - 0 0 1 8 
0 . 0 0 1 7 
0 - 0 0 2 0 
0 . 0 0 1 3 
0 . 0 0 2 6 
0 - 0 2 0 7 
0 . 0 1 9 0 
0 - 0 2 9 9 
0 - 0 0 1 3 
0 . 0 0 1 2 
0 . 0 0 1 2 
0 - 0 0 0 6 
0 . 0 0 0 5 
0 - 0 0 0 6 
0 . 0 0 0 4 
0 . 0 0 3 5 
0 . 0 2 0 4 
0 . 0 3 6 2 
0 . 0 2 8 3 

MEAN 

0 . 2 3 6 2 
0 . 1 0 8 7 
0 . 0 8 4 6 
0 . 3 2 5 4 
0 . 1 8 6 3 
0 . 2 2 6 6 
0 . 1430 
0 . 0 0 0 4 
0 . 3 6 4 9 
1 -3623 
4 - 2 3 8 0 
0 . 0 1 8 2 
0 . 0 0 6 8 
0 . 0 0 5 5 
0 . 0 4 0 9 
0 . 0 2 1 0 
0 . 0 3 1 3 
0 . 0 1 0 8 
0 . 0 0 1 0 
0 . 3 9 7 8 
4 . 5 3 3 4 
4 . 0 4 1 3 
0 - 2 5 9 7 
0 - 1 2 7 7 
0 - 1 1 7 8 
0 . 3 0 3 2 
0 . 1 6 1 8 
0 . 1 7 9 5 
0 . 1433 
0 - 0 0 0 0 
0 - 4 5 8 5 
1-1413 
4 . 1 5 3 2 
0 . 0 2 4 4 
0 . 0 0 9 5 
0 . 0 0 8 5 
0 . 0 3 5 2 
0 . 0 1 4 4 
0 . 0 1 7 7 
0 . 0 1 0 8 
0 . 0 0 0 0 
0 . 4 2 5 3 
4 . 1 8 0 5 
4 . 0 9 6 9 

4 

STDERB 

0 . 0 0 5 6 
0 - 0 0 4 1 
0 - 0 0 3 9 
0 . 0 0 3 1 
0 . 0 0 1 8 
0 . 0 0 2 7 
O . 0 0 1 0 
0 . 0 0 0 1 
0 - 0 2 1 0 
0 . 0 2 8 6 
0 . 0 S 3 8 
0 . 0 0 1 7 
0 . 0 0 1 1 
0 . 0 0 0 9 
0 - 0 0 1 2 
0 . 0 0 0 8 
0 . 0 0 1 5 
0 . 0 0 0 3 
0 . 0 0 0 6 
0 - 0 2 0 9 
0 - 0 6 2 8 
0 - 0 8 0 9 
0 - 0 0 3 9 
0 . 0 0 3 3 
0 . 0 0 3 2 
0 . 0 0 2 1 
0 . 0 0 1 3 
0 . 0 0 1 6 
0 . 0 0 1 1 
0 . 0 0 0 0 
0 . 0 2 0 7 
0 - 0 2 0 2 
0 - 0 6 3 0 
0 - 0 0 1 3 
0 . 0 0 0 8 
0 . 0 0 0 8 
0 . 0 0 0 8 
0 - 0 0 0 4 
0 . 0 0 0 6 
0 - 0 0 0 3 
0 . 0 0 0 0 
0 . 0 2 1 0 
0 . 0 3 7 7 
0 - 0 6 0 8 



225 

TABLE 21 

Simulation Resul t s Using 200 Rep l i ca t ions and Skewness=2 

Proport ional i t 

k 

2 

n ^ SUBJECT 

APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 

1 ACTERQ 
OPTERR 
P ( l / P ) 
P ( P / Q ) 
DELTAH 

15 ALPHAH 
APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 

4 ACTERQ 
OPTERR 
P ( L / P ) 
P ( P / Q ) 
DELTAH 
ALPHAH 
APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 

1 ACTERQ 
OPTERR 
P ( L / P ) 
P (P/Q) 
DELTAH 

30 ALPHAH 
APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 

4 ACTERQ 
0 PT E R R 
\^ fc ^k ^^ ^ * -^^ 

P ( L / P ) 
P ( P / Q ) 
DELTAH 
ALPHAH 

y d= 1 

MEAN 

0 . 2 8 6 3 
0 . 2 7 9 7 
0 . 2 5 8 8 
0 . 3 3 0 6 
0 . 3 3 9 6 
0 . 3 4 7 2 
0 . 3 0 8 3 
0 . 4 8 3 1 
0 . 3 1 7 8 
1 . 1 2 4 8 
1 . 1547 
0 - 0 1 6 3 
0 . 0 1 4 5 
0 - 0 1 3 7 
0 - 0 2 6 7 
0 . 0 2 9 3 
0 . 0 3 1 3 
0 . 0 2 1 7 
0 . 4 963 
0 . 3 6 6 6 
4 . 2 3 5 6 
1 . 0 4 4 3 
0 . 2 9 7 4 
0 . 2 9 5 1 
0 . 2 8 3 7 
0 . 3 1 5 4 
0 . 3 1 8 2 
0 . 3 2 2 1 
0 . 3 0 6 1 
0 . 4 9 4 1 
0 . 2 3 7 8 
1 . 0 7 2 6 
1 . 0 4 7 2 
0 - 0 2 1 6 
0 . 0 2 1 2 
0 . 0 2 0 3 
0 . 0 2 5 5 
0 . 0 2 5 9 
0 . 0 2 6 9 
0 . 0 2 2 6 
0 . 5 3 8 3 
0 . 2 5 3 4 
4 . 0 8 5 8 
0 . 9 8 3 8 

1 

STDERR 

0 . 0 0 6 1 
0 . 0 0 6 0 
0 . 0 0 5 6 
0 -0028 
0 . 0 0 3 0 
0 -0029 
0 . 0 0 1 4 
0- 02 04 
0 . 0 1 9 9 
0-03 01 
0 . 0 3 5 4 
0 . 0 0 1 6 
0 . 0 0 1 5 
0 . 0 0 1 5 
0 . 0 0 0 6 
0 . 0 0 0 7 
0 -0009 
0 . 0 0 0 5 
0- 02 05 
0 . 0 2 1 4 
0 . 0 4 5 7 
0 . 0 3 2 3 

" 0 . 0 0 4 2 
0 . 0 0 4 0 
0 . 0 0 3 7 
0 .0016 
0 . 0 0 1 6 
0 . 0 0 1 7 
0 . 0 0 1 3 
0. 02 06 
0 . 0 1 8 6 
0 . 0 1 9 9 
0 . 0 2 0 7 
0 . 0 0 1 3 
0 . 0 0 1 3 
0 . 0 0 1 3 
0. 00 06 
0 . 0 0 06 
0 . 0 0 0 6 
0 . 0 0 0 4 
0. 01 92 
0 . 0 1 9 1 
0 . 0 3 3 3 
0 . 0 1 6 2 

MEAN 

0 . 2 8 4 3 
0 . 2 5 0 5 
0. 2358 
0 .3178 
0 . 2 9 8 9 
0 .3033 
0 .26 85 
0 .1853 
0 . 3 1 7 1 
1.1310 
2 . 1953 
0 . 0 2 1 2 
0 .0155 
0 . 0 1 4 8 
0 .0293 
0 . 0 2 8 1 
0-0297 
0 .0208 
0 .1838 
0 . 3 8 3 3 
4 . 1 5 6 7 
2 . 1795 
0 .2936 
0 . 2 6 2 8 
0 . 2 5 5 0 
0 .3138 
0 . 2 8 9 9 
0 .28 90 
0. 2724 
0 .0612 
0 .2279 
1 .0591 
2 . 1 0 5 8 
0 . 0 2 2 3 
0 .0193 
0 -0178 
0-0271 
0 .0244 
0 .0248 
0 .0204 
0 .0521 
0-2791 
4 - 1 3 0 0 
2-04 87. 

2 

STDERR 

0 . 0 0 5 9 
0 . 0 0 5 5 
0 . 0 0 5 4 
0 . 0 0 2 3 
0 . 0 0 2 2 
0 . 0 0 2 3 
0 . 0 0 1 5 
0 . 0 1 8 1 
0 . 0 2 0 2 
0 . 0 2 7 4 
0 . 0 6 4 4 
0 . 0 0 1 8 
0 . 0 0 1 6 
0 - 0 0 1 6 
0 - 0 0 0 8 
0 - 0 0 0 7 
0 . 0 0 0 8 
0 - 0 0 0 4 
0 . 0 1 6 9 
0 . 0 2 1 0 
0-O524 
0 - 0 6 6 2 
0 . 0 0 3 8 
0 . 0 0 3 5 
0 . 0 0 3 7 
0 . 0 0 1 7 
0 . 0 0 1 7 
0 - 0 0 1 7 
0 . 0 0 1 3 
0 . 0 0 9 4 
0 . 0 1 8 7 
0 . 0 1 8 5 
0 . 0 4 0 2 
0 . 0 0 1 5 
0 - 0 0 1 3 
0 - 0 0 1 3 
0 . 0 0 0 6 
0 . 0 0 0 6 
0 .00O6 
0 . 0 0 0 4 
0 . 0 0 7 1 
0 . 0 2 0 0 
0 . 0 3 5 5 
0 . 0 3 6 8 

4 

MEAN 

0 . 2 6 0 2 
0 . 1 8 1 3 
0 . 1 7 0 3 
0 . 3 0 3 9 
0 . 2 3 2 2 
0 . 2 3 5 7 
0 . 2 0 4 0 
0 . 0 0 6 9 
0 . 3 2 7 2 
1 .1921 
4 . 5 7 1 0 
0 . 0 2 0 7 
0 . 0 0 9 5 
0 . 0 0 9 1 
0 . 0 3 3 1 
0 . 0 1 9 9 
0 - 0 2 1 7 
0 . 0 1 4 2 
0 . 0 1 3 4 
0 . 3 5 6 4 
4 . 2 2 7 5 
4 . 1 5 1 4 
0 . 2 8 7 8 
0 . 2 0 0 8 
0 . 1 9 5 8 
0 . 3 0 0 0 
0 . 2 2 1 4 
0 . 2 2 0 5 
0 . 2 0 5 8 
0 . 0 0 0 2 
0 . 2 7 9 4 
1 .0353 
4 . 1 4 3 0 
0 . 0 2 2 8 
0 . 0 1 2 9 
0 . 0 1 1 9 
0 . 0 2 9 2 
0 . 0 1 7 7 
0 . 0 1 8 1 
0 . 0 1 4 4 
0 . 0 0 0 4 
0 . 2 6 2 4 
4 . 1 6 0 0 
4- 1607 

STDERR 

0 . 0 0 5 9 
0 . 0 0 4 5 
0 . 0 0 4 7 
0 . 0 0 2 1 
0 . 0 0 1 8 
O.O020 
0 . 0 0 1 2 
0 - 0 0 2 6 
0 - 0 2 0 3 
0 - 0 3 1 5 
0 . 1 2 3 6 
0 . 0 0 1 8 
0 . 0 0 1 2 
0 . 0 0 1 2 
0 . 0 0 0 9 
0 . 0 0 0 8 
0 . 0 0 0 9 
0 . 0 0 0 3 
0 . 0 0 3 4 
0 - 0 2 0 1 
0 - 0 5 0 6 
0 - 1 3 3 0 
0 . 0 0 4 0 
0 . 0 0 3 6 
0 - 0 0 3 7 
0 - 0 0 2 0 
0 - 0 0 1 4 
0 . 0 0 1 4 
0 - 0 0 1 2 
0 . 0 0 0 1 
0 - 0 2 0 1 
0 . 0 1 9 7 
0 . 0 8 0 0 
0 . 0 0 1 2 
0 . 0 0 1 0 
0 . 0 0 1 0 
0 . 0 0 0 6 
0 . 0 0 0 5 
0 . 0 0 0 5 
0 - 0 0 0 3 
0 . 0 0 0 2 
0 . 0 1 8 3 
0 . 0 3 5 1 
0 . 0 8 5 6 
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Proportionalit 

k n 2 1 SUBJECT 

APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 

1 ACTERQ 
OPTERR 
P ( L / P ) 
P ( P / Q ) 
DELTAH 

15 ALPHAH 
APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 

4 ACTERQ 
OPTERR 
P ( L / P ) 
P ( P / Q ) 
DELTAH 

4 ALPHAH 
APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 

1 ACTERQ 
OPTERR 
P ( I / P ) 
P ( P / Q ) 
DELTAH 

30 ALPHAH 
APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 

4 ACTERQ 
OPTERR 
P ( L / P ) 
^ \ f t 

P ( P / Q ) 
DELTAH 
ALPHAH 

y d= 

MEAN 

0 . 2 6 3 0 
0 . 2 5 1 0 
0 . 1 8 7 0 
0 . 3 5 0 2 
0 . 3 5 7 9 
0 . 3 8 1 7 
0 . 3 0 0 7 
0 . 5 1 0 4 
0 . 2 6 5 1 
1 . 3 0 8 3 
1 . 0 5 2 8 
0 . 0 1 6 5 
0 . 0 1 5 3 
0 . 0 1 1 7 
0 . 0 3 3 7 
0 . 0 3 5 3 
0 . 0 4 8 4 
0 - 0 2 2 3 
0 . 4 9 2 9 
0 . 3 2 4 9 
4 . 3 6 9 8 
1 . 0 2 3 6 
0 . 2 7 9 0 
0 . 2 7 1 3 
0 . 2 3 4 9 
0 - 3 3 5 0 
0 - 3 3 8 9 
0 . 3 5 2 1 
0 . 3 0 1 1 
0 . 5 1 1 8 
0 . 3 0 5 1 
1 . 1 7 0 8 
1 . 0 0 6 0 
0 . 0 1 8 0 
0 . 0 1 7 9 
0 . 0 1 6 2 
0 . 0 2 7 4 
0 . 0 2 7 7 
0 . 0 3 0 9 
0 . 0 2 2 6 
0 . 5 1 2 6 
0 . 3 1 2 0 
4 . 2 3 2 1 
1 . 0 0 9 2 

TABLE 

(Contin 

1 

STDERR 

0 . 0 0 5 3 
C. 0052 
0 . 0 0 4 9 
0 . 0 0 2 6 
0 . 0 0 2 8 
0 . 0 0 2 7 
0 . 0 0 1 3 
0 . 0 1 9 7 
0 . 0 1 7 9 
0 . 0 2 8 2 
0 . 0 2 0 1 
0 . 0 0 1 8 
0 . 0 0 1 8 
0 . 0 0 1 4 
0,000^9 
0 . 0 0 1 0 
0 - 0 0 1 5 
0 . 0 0 05 
0 . 0 2 03 
0 . 0 2 0 6 
0 . 0 5 6 2 
0 - 0 2 1 2 
0 - 0 0 4 0 
0 . 0 0 4 0 
0 . 0 0 3 8 
0 . 0 0 1 9 
0 . 0 0 2 1 
0 . 0 0 2 2 
0 . 0 0 1 3 
0 . 0 2 06 
0 . 0 1 9 5 
0- 02 04 
0 . 0 1 4 3 
0 . 0 0 1 2 
0 - 0 0 1 2 
0 . 0 0 1 1 
0 . 0 0 06 
0 - 0 0 0 6 
0 - 0 0 0 7 
0 - 0 0 05 
0 -02 00 
0 - 0 2 0 0 
0 . 0 3 4 1 
0 . 0 1 3 3 

; 21 

ued) 

MEAN 

0 . 2 4 8 0 
0 - 1 9 0 3 
0- 1503 
0 . 3 4 2 5 
0- 2939 
0 . 3 2 1 9 
0 . 2 3 7 5 
0 . 0 8 92 
0 . 3 1 5 8 
1 . 3 6 2 5 
2 . 1168 
0 . 0 1 7 3 
0 . 0 1 2 0 
0 . 0 1 0 2 
0 . 0 3 6 7 
0 . 0 3 1 4 
0 . 0 4 1 8 
0 . 0 1 8 8 
0 . 1 0 2 0 
0 . 2 9 5 2 
4 . 4 1 4 2 
1 . 9 8 6 6 
0 . 2 8 0 2 
0 . 2 2 6 4 
0 - 2 0 0 0 
0 - 3 2 7 3 
0 - 2 7 1 4 
0 . 2 8 8 1 
0 . 23 93 
0 . 0072 
0- 3073 
1 . 1 2 4 5 
2- 0439 
0 . 0 1 6 6 
0 . 0 1 2 9 
0 . 0 1 1 9 
0 . 0 2 9 5 
0 - 0 2 4 1 
0 - 0 2 6 6 
0 . 0 1 8 5 
0 . 0 1 5 6 
0 . 3 3 4 5 
4 . 2 9 2 7 
2 . 0 4 4 9 

2 

STDERR 

0 . 0 0 5 6 
0 . 0 0 5 5 
0 . 0 0 4 7 
0 . 0 0 2 8 
0 . 0 0 2 5 
0 . 0 0 2 8 
0 . 0 0 1 3 
0 - 0 1 3 4 
0 . 0 1 9 7 
0 . 0 3 2 4 
0 . 0 4 5 6 
0 . 0 0 1 8 
0 . 0 0 1 6 
0 . 0 0 1 4 
0 . 0 0 1 0 
0 . 0 0 1 0 
0 - 0 0 1 4 
0 - 0 0 0 4 
0 . 0 1 3 0 
0 . 0 1 8 2 
0 . 0 5 7 0 
0 . 0 3 9 7 
0 . 0 0 4 1 
0 . 0 0 3 7 
0 . 0 0 3 7 
0 . 0 0 1 9 
0 . 0 0 1 6 
0 . 0 0 1 9 
0 . 0 0 1 2 
0 . 0 0 1 6 
0 . 0 1 9 4 
0 - 0 2 0 3 
0 - 0 2 9 2 
0 . 0 0 1 1 
0 . 0 0 1 1 
0 . 0 0 1 1 
0 . 0 0 0 6 
0 . 0 0 0 5 
0 . 0 0 0 6 
0 . 0 0 0 4 
0 . 0 0 5 3 
0 . 0 2 0 9 
0 - 0 3 7 2 
0 . 0 3 0 8 

MEAN 

0 - 2 4 5 5 
0 . 1 1 8 0 
0 . 0 8 4 8 
0 . 3 2 5 3 
0 . 1 8 8 6 
0 . 2 2 1 7 
0 . 1396 
0 . 0 0 0 3 
0 - 3 0 6 2 
1 . 3 0 7 7 
4 . 1 1 2 3 
0 . 0 1 8 5 
0 - 0 0 6 2 
0 - 0 0 5 7 
0 - 0 4 0 8 
0 - 0 2 2 6 
0 - 0 3 1 4 
0 - 0 1 0 9 
0 . 0 0 1 3 
0 . 3 3 3 7 
4 . 5 5 4 0 
4 . 3 1 2 0 
0 . 2 6 0 3 
0 . 1 2 5 2 
0 . 1 1 1 1 
0 . 3 0 6 5 
0 . 1 6 4 0 
0 . 1 7 5 4 
0 . 1 3 9 6 
0 . 0 0 0 0 
0 . 3 2 5 0 
1 . 1 7 9 4 
4 . 0 7 4 0 
0 . 0 2 1 5 
0 . 0 0 8 1 
0 . 0 0 7 3 
0 - 0 3 4 7 
0 - 0 1 5 1 
0 . 0 1 7 5 
0 . 0 1 0 5 
0 . 0 0 0 0 
0 . 3 0 9 0 
4 . 2 7 6 2 
4 . 1187 

4 

STDERR 

0 . 0 0 5 8 
0 . 0 0 4 2 
0 . 0 0 3 7 
0 . 0 0 2 8 
0 - 0 0 2 0 
0 - 0 0 2 7 
0 - 0 0 1 1 
0 . 0 0 0 1 
0 . 0 1 9 7 
0 . 0 3 1 9 
0 - 0 8 2 8 
0 - 0 0 1 6 
0 - 0 0 0 9 
0 - 0 0 0 9 
0 - 0 0 1 2 
0 . 0 0 0 9 
0 - 0 0 1 5 
0 - 0 0 0 3 
0 . 0 0 0 6 
0 . 0 1 9 5 
0 , 0 6 9 3 
0 . 0 9 4 8 
0 . 0 0 4 2 
0 . 0 0 3 0 
0 . 0 0 3 1 
0 - 0 0 2 1 
0 . 0 0 1 2 
0 . 0 0 1 5 
0 . 0 0 1 0 
0 . 0 0 0 0 
0 . 0 1 9 9 
0 . 0 2 0 6 
0 . 0 5 7 0 
0 . 0 0 1 2 
0 . 0 0 0 7 
0 . 0 0 0 8 
0 . 0 0 0 8 
0 . 0 0 0 5 
0 . 0 0 0 6 
0 . 0 0 0 3 
0 - 0 0 0 0 
0 . 0 2 0 1 
0 . 0 3 5 6 
0 - 0 5 6 1 
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TABLE 22 

Simulation Resu l t s Using 200 Rep l i ca t ions and Skewness=3 

P r o p o r t i o n a l i t 

k n ^ SUBJECT 

APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 

1 ACTERQ 
OPTERR 
P ( L / P ) 
P ( P / Q ) 
DELTAH 

15 ALPHAH 
APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 

4 ACTERQ 
OPTERR 
P ( L / P ) 
P ( P / Q ) 
DELTAH 

2 ALPHAH 
APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 

1 ACTERQ 
OPTERR 
P ( L / P ) 
P ( P / Q ) 
DELTAH 

30 ALPHAH 
APPERL 
APPERP 
APPERQ 
ACTERL 
ACTERP 

4 ACTERQ 
OPTERR 
P ( L / P ) 
P ( P / Q ) 
DELTAH 
ALPHAH 

y d= 

MEAN 

0 - 2 8 6 0 
0 - 2 7 3 8 
0 - 2 5 0 0 
0 . 3 2 1 6 
0 . 3 3 1 8 
0 . 3 2 9 8 
0 . 2 9 8 4 
0 . 5 0 6 2 
0 . 1 8 8 4 
1 . 1 1 5 5 
1 . 0 5 6 3 
0 - 0 1 8 5 
0 . 0 1 7 8 
0 . 0 1 5 3 
0 . 0 2 8 2 
0 . 0 3 0 0 
0 . 0 3 0 9 
0 . 0 2 2 3 
0 . 5 1 1 9 
0 . 1 7 2 0 
4 . 2 1 7 4 
1 .0 7 7 5 
0 . 2 9 9 0 
0 . 2 9 5 3 
0 . 2 7 6 0 
0 - 3 1 5 5 
0 - 3 2 0 2 
0 . 3 1 5 5 
0 . 2 9 8 1 
0 . 5 0 7 9 
0 - 0 7 3 4 
1 . 0 5 6 0 
1 - 0 3 0 9 
0 - 0 2 2 4 
0 . 0 2 2 4 
0 . 0 2 1 0 
0 . 0 2 4 4 
0 . 0 2 5 3 
0 . 0 2 5 6 
0 . 0 2 1 9 
0 . 5 0 4 0 
0 . 0 7 3 6 
4 . 0 6 4 6 
1 . 0 7 9 4 

1 

STDERR 

0 . 0 0 5 6 
0 . 0 0 5 5 
0 . 0 0 5 4 
0 . 0 0 2 1 
0 . 0 0 2 8 
0 . 0 0 2 5 
0 . 0 0 1 4 
0 . 0 2 1 4 
0 . 0 1 6 0 
0 . 02 80 
0 - 0 3 0 9 
0 . 0 0 1 6 
0 - 0 0 1 7 
0 - 0 0 1 7 
0 . 00O7 
0 . 0 0 0 9 
0 . 0 0 0 9 
0 . 0 0 05 
0 . 0 1 9 1 
0 . 0 1 5 9 
0 . 0 4 63 
0 - 0 3 0 7 
0 - 0 0 3 8 
0 . 0 0 4 0 
0 . 0 0 3 7 
0 . 0 0 1 6 
0 - 0 0 1 8 
0 - 0 0 1 8 
0 - 0 0 1 4 
0 . 0 1 9 3 
0 . 0 0 9 6 
0 . 01 97 
0 . 0 1 9 2 
0 . 0 0 1 4 
0 - 0 0 1 4 
0 . 0 0 1 3 
0 . 0 0 05 
0 . 0 0 06 
0 . 0 0 0 5 
0 . 0 0 0 4 
0 . 0 1 9 9 
0 . 0 0 9 6 
0 . 0 3 2 2 
0 . 0 2 0 9 

MEAN 

0 . 2 9 0 5 
0 - 2 4 90 
0 . 2 2 9 2 
0 . 3 2 2 0 
0 . 2 9 6 7 
0 . 2 9 2 4 
0 . 2 5 8 2 
0 - 1 8 8 1 
0 . 1 7 7 6 
1 . 1 3 2 7 
2 . 2 2 34 
0 . 0 1 7 7 
0 - 0 1 5 5 
0 . 0 1 2 8 
0 . 0 2 6 8 
0 - 0 2 7 2 
0 . 0 2 80 
0 . 0 1 9 9 
0 . 1 7 6 5 
0 . 1718 
4 . 2 8 2 1 
2 . 2 8 9 0 
0 . 2 9 5 6 
0 . 2 6 6 6 
0 . 2 4 3 2 
0 . 3 1 6 0 
0 . 2 8 7 9 
0 - 2 7 8 1 
0 - 2 6 01 
0 . 0 6 99 
0 - 0 7 6 7 
1 - 0 6 3 8 
2 - 0 6 4 2 
0 . 0 1 9 8 
0 . 0 1 8 2 
0 . 0 1 7 0 
0 . 0 2 6 2 
0 . 0255 
0 . 0 2 4 7 
0 . 0 2 08 
0 . 0836 
0 . 0 9 8 3 
4 . 1 6 3 9 
2 . 0 4 8 1 

2 

STDERR 

0 - 0 0 5 2 
0 . 0 0 5 3 
0 . 0 0 5 4 
0 . 0 0 2 1 
0 . 0 0 2 2 
0 . 0 0 2 4 
0 . 0 0 1 3 
0 . 0 1 6 9 
0 . 0 1 7 1 
0 . 0 2 7 8 
0 . 0 6 8 0 
0 . 0 0 1 7 
0 . 0 0 1 6 
0 . 0 0 1 6 
0 . 0 0 0 6 
0 . 0 0 0 7 
0 . 0 0 0 8 
0 . 0 0 0 4 
0 . 0 1 7 1 
0 . 0 1 5 7 
0 . 0 5 4 3 
0 . 0 6 8 4 
0 . 0 0 4 4 
0 . 0 0 4 2 
0 . 0 0 4 1 
0 . 0 0 2 0 
0 . 0 0 1 7 
0 . 0 0 1 7 
0 . 0 0 1 4 
0 . 0 1 0 5 
0 . 0 1 1 0 
0 . 0 2 1 0 
0 . 0 3 9 5 
0 . 0 0 1 3 
0 . 0 0 1 2 
0 . 0 0 1 2 
0 . 0 0 0 6 
0 . 0 0 0 6 
0 . 0 0 06 
0 . 0 0 0 4 
0 . 0 1 0 7 
0 . 0 1 2 6 
0 . 0 3 5 3 
0 . 0 4 4 8 

MEAN 

0 - 2 8 4 5 
0 . 1 9 9 2 
0 . 1 7 9 0 
0 . 3 0 6 7 
0 . 2 3 1 0 
0 . 2 2 6 5 
0 - 1 9 7 0 
0 - 0 0 9 9 
0 . 2 0 3 1 
1 . 0 9 1 8 
4 . 2 1 6 5 
0 . 0 2 4 0 
0 . 0 1 2 0 
0 - 0 0 8 5 
0 . 0 3 0 5 
0 - 0 2 2 3 
0 . 0 2 2 2 
0 . 0 1 5 0 
0 . 0 1 4 2 
0 - 2 0 2 8 
4 . 1 6 5 9 
4 . 4 8 9 1 
0 . 2 8 4 2 
0 . 2 0 1 7 
0 . 1 8 5 7 
0 . 3 0 1 6 
0 . 2 2 1 2 
0 . 2 1 2 4 
0 . 1 9 8 3 
0 . 0 0 0 2 
0 . 0 8 7 0 
1 . 0 7 7 4 
4 . 0 6 1 3 
0 . 0 2 3 2 
0 . 0 1 3 5 
0 . 0 1 2 5 
0 . 0 2 7 9 
0 . 0 1 8 4 
0 . 0 1 8 1 
0 - 0 1 5 2 
0 . 0 0 0 4 
0 - 0 8 7 1 
4 . 1 1 1 0 
4 . 1 1 7 4 

4 

STDEER 

0 . 0 0 5 6 
0 . 0 0 5 2 
0 . 0 0 4 7 
0 . 0 0 2 2 
0 . 0 0 1 7 
0 . 0 0 1 9 
0 - 0 0 1 1 
0 . 0 0 2 0 
0 . 0 1 8 0 
0 . 0 2 7 5 
0 . 1 2 0 0 
0 . 0 0 1 9 
0 . 0 0 1 6 
0 . 0 0 1 3 
0 . 0 0 1 0 
0 - 0 0 0 8 
0 . 0 0 0 8 
0 . 0 0 0 4 
0 . 0 0 3 5 
0 . 0 1 8 0 
0 . 0 5 1 5 
0 . 1 3 4 4 
0 - 0 0 4 0 
0 . 0 0 3 7 
0 . 0 0 3 2 
0 . 0 0 1 7 
0 - 0 0 1 5 
0 . 0 0 1 5 
0 - 0 0 1 2 
0 . 0 0 0 1 
0 . 0 1 1 8 
0 . 0 2 0 4 
0 - 0 7 G 7 
0 . 0 0 1 3 
0 . 0 0 1 1 
0 . 0 0 1 0 
0 . 0 0 0 6 
0 . 0 0 0 5 
0 . 0 0 0 5 
0 . 0 0 0 4 
0 . 0 0 0 2 
0 . 0 1 2 3 
0 . 0 3 5 3 
0 . 0 7 7 2 
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TABLE 22 

( C o n t i n u e d ) 

P r o p o r t i o n a l i t y d= l 2 4 

. - - L - ^ . f ^ ! ^ f f ! ^^^^ STDERR MEAN STDERR MEAN STDEER 

APPERL 0 . 2 5 5 0 0 . 0 0 5 7 0 . 2 5 6 0 0 . 0 0 5 6 0 . 2 3 9 8 0 . 0 0 5 5 
APPERP 0 . 2 4 5 8 0 .0056 0 .2028 0 . 0 0 5 6 0 . 1 0 8 0 0 . 0 0 4 0 
APPERQ 0 . 1 8 3 3 0 . 0 0 5 0 0 . 1 4 5 7 0 . 0 0 4 6 0 . 0 7 8 2 0 . 0 0 3 5 
ACTERL 0 . 3 4 9 7 0 . 0 0 2 6 0 . 3 4 7 7 0 . 0 0 2 5 0 . 3 2 6 5 0 - 0 0 2 9 
ACTERP 0 . 3 5 6 4 0 . 0 0 2 9 0 . 2 9 3 8 0 - 0 0 2 4 0 - 1 8 8 1 0 - 0 0 2 0 

1 ACTERQ 0 - 3 6 2 9 0 - 0 0 2 8 0-3146 0 - 0 0 3 1 0 . 2 1 3 5 0 . 0 0 2 7 
OPTERR 0 , 2 8 3 7 0 . 0 0 1 5 0 . 2 2 4 7 0 . 0 0 1 3 0 . 1 3 3 4 0 .001C 
P ( L / P ) 0 . 5 0 7 2 0 . 0 2 0 3 0 .0875 0 . 0 1 1 5 0 . 0 0 0 4 0 . 0 0 0 2 
P ( P / Q ) 0 . 1 9 6 7 0 . 0 1 5 6 0 . 1 8 9 1 0 . 0 1 5 8 0 . 1 8 2 6 0 . 0 1 5 2 
DELTAH 1 . 3 2 0 4 0 . 0 3 09 1.2754 0 . 0 2 7 2 1 .3440 0 . 0 3 3 2 

^5 ALPHAH 1-07Q6 Q.Q7?n 2 -0483 0 - 0 4 0 1 4 - 1 9 1 6 0 - 0 8 3 5 
APPERL 0 - 0 1 5 3 0 . 0 0 1 6 0 . 0 1 5 7 0 . 0 0 1 7 " 0 . O I 8 O 0 - 0 0 1 7 
APPERP 0 . 0 1 4 8 0 . 0 0 1 6 0 .0100 0 . 0 0 1 3 0 . 0 0 5 2 0 . 0 0 0 9 
APPERQ 0 - 0 1 0 5 0 . 0 0 1 4 0 . 0 0 7 5 0 . 0 0 1 2 0 . 0 0 4 7 0 . 0 0 0 9 
ACTERL 0 . 0 3 3 3 0 . 0 0 0 8 0 .0361 0 . 0 0 1 0 0 . 0 3 9 2 0 . 0 0 1 0 
ACTERP 0 . 0 3 5 8 0 . 0 0 0 9 0-0325 0 . 0 0 1 0 0 . 0 2 3 2 0 . 0 0 0 9 

4 ACTERQ 0 . 0 4 4 7 0 . 0 0 1 4 0 .0422 0 . 0 0 1 4 0 . 0 3 1 5 0 . 0 0 1 6 
OPTERR 0 . 0 2 1 7 0 . 0 0 0 4 0 . 0 1 8 2 0 . 0 0 0 4 0 - 0 1 0 4 0 . 0 0 0 3 
P ( L / P ) 0 . 5 0 2 1 0 . 0 2 0 5 0 .1099 0 . 0 1 3 8 0 . 0 0 0 3 0 - 0 0 0 1 
P ( P / Q ) 0 . 2 0 5 3 0 . 0 1 7 1 0 . 1 9 3 5 0 - 0 1 5 2 0 - 2 1 8 3 0 . 0 1 6 9 
DELTAH 4 - 3 9 9 5 0 . 0 5 7 2 4 . 4 0 3 2 0 . 0 5 6 5 4 . 3 9 1 5 0 - 0 5 6 1 

4 ALPHAH 1 . 0 2 7 2 0 - 0 2 2 7 2 . 0 4 3 2 0 . 0 4 5 7 4 . 2 6 5 7 . 0 . 0 8 9 8 
APPERL 0 . 2 8 5 1 0 . 0 0 4 2 0 . 2 8 4 8 0 . 0 0 4 5 " o . 2 6 4 5 0 . 0 0 4 1 
APPERP 0 . 2 8 4 4 0 . 0 0 4 3 0 .2278 0 . 0 0 3 8 0 . 1 3 5 6 0 . 0 0 3 5 
APPERQ 0 . 2 2 8 9 0 . 0 0 3 8 0 .1876 0 . 0 0 3 4 0 . 1 1 2 0 0 . 0 0 3 0 
ACTERL 0 . 3 3 0 4 0 . 0 0 1 8 0-3225 0 . 0 0 1 8 0 . 3 0 3 7 0 . 0 0 2 0 
ACTERP 0 . 3 3 5 6 0 . 0 0 1 9 0 . 2 6 8 8 0 . 0 0 1 7 0 - 1 6 4 1 0 - 0 0 1 2 

1 ACTERQ 0 . 3 2 7 7 0 . 0 0 2 1 0-26 98 0 . 0 0 1 9 0 . 1 6 9 0 0 . 0 0 1 4 
OPTERR 0 . 2 8 1 2 0 . 0 0 1 3 0 . 2 2 8 0 0 . 0 0 1 3 0 . 1 3 6 1 0 .00C9 
P ( L / P ) 0 . 4 9 6 4 0 . 0 2 1 3 0 .0172 0 . 0 0 4 7 0 . 0 0 0 0 0 - 0 0 0 0 
P ( P / Q ) 0 . 1 2 3 8 0 . 0 1 3 0 0 . 1 3 3 7 0 . 0 1 2 2 0 . 1 2 4 7 0 . 0 1 2 9 
DELTAH 1 -1222 0 - 0 1 9 8 1.1213 0 . 0 2 0 7 1 .1607 0 . 0 1 9 1 

30 ALPHAH 1 . 0 1 8 8 0 . 0 1 4 6 2 - 0 3 9 2 0 . 0 3 0 3 4 . 0 0 5 9 0 . 0 5 1 3 
APPERL 0 . 0 1 7 3 0 . 0 0 1 2 0-0184 0 . 0 0 1 3 0 - 0 2 1 6 0 - 0 0 1 3 
APPERP 0 . 0 1 6 8 0 . 0 0 1 1 0-0160 0 . 0 0 1 2 0 . 0 0 9 3 0 . 0 0 0 9 
APPERQ 0 . 0 1 4 8 0 . 0 0 1 1 0 .0136 0 . 0 0 1 1 0 . 0 0 7 3 0 . 0 0 C 8 
ACTERL 0 . 0 2 8 1 0 . 0 0 0 6 0 . 0 2 9 6 0 . 0 0 0 7 0 . 0 3 4 3 0 . 0 0 0 7 
ACTERP 0 . 0 2 9 0 0 . 0 0 0 6 0 . 0 2 4 8 0 - 0 0 0 6 0 . 0 1 6 0 0 - 0 0 0 4 

4 ACTERQ 0 . 0 3 0 4 0 . 0 0 0 7 0-0264 0 . 0 0 0 7 0 . 0 1 7 6 0 . 0 0 0 5 
OPTERR 0 . 0 2 1 2 0 . 0 0 0 4 0 . 0 1 8 3 0 . 0 0 0 4 0 . 0 1 1 4 0 . 0 0 0 3 
P ( L / P ) 0 . 4 6 2 5 0 . 0 2 0 9 0 . 0 1 2 5 0 . 0 0 4 0 0 . 0 0 0 0 0 . 0 0 0 0 
P ( P / Q ) 0 . 1 4 8 4 0 . 0 1 3 2 0-1238 0 . 0 1 3 5 0 . 1 3 9 9 0 . 0 1 4 5 
DELTAH 4 . 2 2 8 1 0 . 0 3 8 0 4 . 2 7 0 2 0 . 0 3 9 7 4 . 2 4 4 4 0 . 0 3 6 9 
ALPHAH 1 . 0 3 4 0 0 - 0 1 5 8 2^0501 0 . 0 2 7 8 3 . 9 8 5 5 . O . Q M J 
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APPEHDIX H 

Pre-admission aad Academic Aciiievement Data of 
the Medical Doctoral Program at Texas Tech 

Dnivers i ty Health Science Center 

OBS 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
2 0 
2 1 
2 2 
2 3 
2 4 
2 5 
26 
2 7 
2 8 
2 9 
3 0 
3 1 
3 2 
3 3 
3 4 
3 5 
3 6 
3 7 
38 
3 9 
4 0 

BCPM 

3 . 4 9 
3 . 7 6 
3 . 5 0 
2 . 8 6 
2 . 4 0 
3 . 9 5 
3 - 34 
2 . 5 9 
3 - 6 8 
3 . 1 6 
3 . 13 
2 . 5 3 
3 . 4 4 
3 . 3 2 
3 . 9 4 
2 . 6 9 
3 - 0 8 
3 . 6 6 
3 - 3 1 
3 - 8 2 
3 . 5 3 
3 . 5 2 
3 . 5 7 
3 . 4 8 
3 . 9 0 
3 . 4 9 
3 . 2 6 
3 . 2 1 
3 . 3 1 
3 . 2 0 
3 . 4 9 
3 . 4 0 
3 . 7 1 
2 . 9 0 
3 . 2 3 
3 . 4 6 
3 . 4 6 
3 - 2 7 
3 . 3 8 
2 . 8 7 

OTHER 

3 . 8 0 
3 . 8 0 
3 . 6 2 
3 . 4 0 
2 . 8 5 
3 . 9 1 
3 . 3 0 
3 . 3 1 
6 - 9 0 
3 - 9 1 
3 . 7 4 
3 . 2 2 
3 . 7 3 
3 . 7 9 
3 . 7 3 
3 . 5 2 
3 . 7 0 
3 . 2 5 
3 . 2 0 
3 . 4 7 
3 . 8 7 
4 . 0 0 
3 . 7 4 
3 . 9 1 
3 . 7 4 
3 . 8 5 
3 - 5 0 
3 - 9 0 
3 - 6 5 
2 . 9 8 
3 . 9 2 
3 . 5 2 
3 - 7 8 
3 . 19 
3 . 3 9 
3 . 2 4 
3 . 9 0 
3 . 0 8 
3 . 6 4 
3 . 5 8 

MCATBIO 

10 
9 
7 
9 
7 
7 
7 
7 
6 

11 
7 
6 
6 
7 

1 0 - ' 
10 

7 
10 

9 
9 
6 
8 
9 

11 
6 
9 
9 

10 
11 
11 

8 
7 
9 
9 

12 
9 
7 

10 
7 

10 

MCATAVG 

8 - 3 3 
7 - 6 7 
7 - 6 7 
9 . 3 3 
7 . 8 3 
6 . 5 0 
6 . 5 0 
6 . 3 3 
7 . 6 7 
9 . 5 0 
6 . 8 3 
5 . 3 3 
8 - 0 0 
6 . 6 7 
7 . 8 3 
9 - 3 3 
7 . 3 3 
8 . 6 7 
9 . 3 3 
9 . 0 0 
8 . 0 0 
7 . 17 
7 . 6 7 
8 . 6 7 
8 . 8 3 
8 . 17 
9 . 1 7 
8 . 17 
8 . 8 3 
9 . 6 7 
9 . 3 3 
8 . 3 3 
7 . 3 3 
9 . 0 0 
9 . 8 3 
8 - 6 7 
8 . 5 0 
8 . 6 7 
8 - 0 0 
8 . 8 3 

CUMAVG 

7 1 . 3 4 
7 2 . 5 1 
7 4 . 0 8 
7 4 . 0 9 
7 4 . 8 3 
7 4 . 8 4 
7 4 . 9 4 
7 5 . 3 6 
7 6 . 7 6 
7 6 . 8 6 
7 7 . 0 1 
7 7 . 0 8 
7 7 - 14 
7 7 . 29 
7 7 . 5 9 
7 7 . 7 2 
7 7 . 8 4 
7 8 . 3 1 
7 8 - 5 8 
7 8 - 5 8 
7 8 - 6 1 
7 8 - 6 1 
7 8 . 6 2 
7 8 . 6 4 
7 8 . 6 8 
7 8 . 6 8 
7 8 - 8 6 
7 8 - 9 0 
7 8 . 9 6 
7 9 . 12 
7 9 . 12 
7 9 . 16 
7 9 . 2 8 . 
7 9 . 29 
7 9 . 3 6 
7 9 . 37 
7 9 . 4 3 
7 9 . 5 3 
7 9 . 5 3 
7 9 - 8 0 

GROUP 
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OBS BCPM OTHER MCATBIO MCATAVG CUMAVG GflCOP 

41 3 . 0 6 3 .54 9 
42 3.06 3.36 9 
43 2 . 9 8 3 . 1 4 7 
44 3 . 4 7 2 . 8 6 7 
45 3 . 2 2 3 . 4 0 8 
46 2 . 9 8 3 . 7 1 7 
47 3 . 5 1 3 . 6 2 8 
48 2 . 8 7 3- 17 9 
49 3 .05 3.75 6 
50 2.90 3.38 9 
51 3 .05 3 . 5 0 7 
52 4 . 0 0 4 - 0 0 10 
53 3 . 4 8 3 . 5 5 10 
54 3 . 3 8 3 . 8 5 11 
55 3 -17 3 . 3 3 6 
56 3 .84 4 -00 6 
57 2 . 9 2 2 . 8 7 10 
58 3 . 8 0 4 . 0 0 7 
59 3.03 3.23 7 
60 3 . 9 1 3 . 8 9 7 
61 3 . 7 6 4 . 0 0 6 
62 3.37 3.64 9 
63 3 . 4 0 3 - 1 3 6 
64 2 . 8 4 2 - 9 2 11 
65 3-22 3 .65 9 
66 3 . 2 8 3 . 7 2 8 8-50 8 1 . 9 6 2 
67 3 . 5 1 3 .94 10 8 .33 8 1 . 9 7 2 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

68 3 .13 3 .74 9 
69 3 . 1 7 3 . 8 2 10 
70 3 .76 3-56 7 
71 3 . 8 0 3 -94 8 
72 2 . 5 7 2 . 9 1 9 
73 3.23 3.53 9 
74 3 -40 3 . 5 4 6 
75 3 .29 3 . 5 1 9 
76 3 . 0 1 3 .84 10 
77 3 . 0 6 2 . 9 1 10 
78 3 . 5 3 3 . 7 7 8 
79 3.62 2 .65 9 
80 3.47 3-66 9 
81 3 . 1 0 3 . 5 1 10 
82 
83 
84 
85 

3 . 8 3 3 . 9 5 9 
3 . 3 0 3 . 6 5 10 
2 . 9 1 2 - 0 0 6 
3 . 4 7 3 . 8 4 8 

9 . 6 7 
7 . 8 3 
6 .67 
8 .67 
8 .50 
7 . 17 
7 -67 
9 . 5 0 
9 .83 
7 .67 
7 , 5 0 
9 . 8 3 
8 .17 
7 . 8 3 
8 . 6 7 
8 -50 

10 -67 
7 . 5 0 
8-83 

10-00 
8-67 
7 .67 
7 .50 

10 .00 
8 .17 
8-50 
8 .33 
8 .50 
8 .33 
7 . 8 3 
8 .17 
9 .00 
9 . 0 0 
6 , 5 0 
8 .17 
8 . 17 

1 0 . 6 7 
7 .50 
9 .67 
9 . 0 0 

10 .67 
8 .17 
8 .50 
6. 17 
8-00 

7 9 . 9 1 
7 9 . 9 2 
7 9 . 9 6 
80 . 16 
8 0 . 2 2 
8 0 . 2 2 
8 0 . 2 2 
8 0 . 2 6 
8 0 . 4 2 
8 0 . 5 7 
8 0 . 5 8 
8 0 . 6 1 
8 0 . 6 1 
3 0 . 8 2 
8 1 . 0 9 
8 1 . 1 3 
8 1 . 18 
8 1 - 2 1 
8 1 . 2 6 
8 1 . 3 4 
8 1 . 3 9 
8 1 . 4 6 
8 1 . 5 5 
8 1 . 7 2 
81 .74 
8 1 . 9 6 
8 1 . 9 7 
8 2 . 0 8 
8 2 . 2 0 
8 2 . 2 0 
82 .29 
8 2 . 5 6 
8 2 . 6 8 
8 2 . 6 8 
8 2 . 7 0 
8 2 . 7 5 
8 2 . 8 2 
8 2 . 8 3 
82 .95 
8 3 . 0 0 
8 3 . 0 3 
83 -05 
83 .16 
83 . 16 
8 3 . 2 6 
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OBS BCPM OTHER MCATBIO MCATAVG CUMAVG GROUP 

10 8-67 83-29 2 
7 8.67 83.30 2 
9 9.67 83.41 2 

11 8 .83 8 3 . 5 0 2 
11 11 .17 8 3 . 5 8 2 
11 9 .17 8 3 . 7 4 2 
10 1 0 . 6 7 8 3 . 7 6 2 
8 9.00 83.79 2 
7 7.67 83.95 2 

10 9 - 5 0 8 4 - 1 2 2 
6 8 . 0 0 84 . 18 2 
8 9 . 0 0 8 4 . 2 1 2 
9 8. 17 84. 39 2 
7 8.00 84.47 2 
6 7.00 84.91 2 
9 8.67 84.92 2 

11 10.00 84.96 2 
9 8.33 85.00 2 
8 9.00 85.16 2 
9 8.67 85.16 2 

12 9.50 85.29 2 
9 ' 8.33 85.33 2 
9 8.83 85.47 2 
7 8.33 85.70 2 
9 8.33 85.80 2 
9 8.50 86.08 2 

10 8.43 86.36 2 
6 5.83 86.80 2 
8 7 . 1 7 8 7 . 0 8 2 
9 8.83 87.21 2 

11 10 .17 8 7 . 3 6 2 
10 9 . 0 0 8 8 . 0 8 2 
10 8 . 3 3 88 .54 2 

8 8 .33 8 8 . 5 7 2 
6 7 . 1 7 8 8 . 5 8 2 
9 9.17 89.17 2 
8 7.83 89.33 2 

10 8-50 89.92 2 
10 8.83 89.96 2 
11 1 0 . 0 0 9 0 . 0 5 2 
11 9 . 3 3 9 1 . 0 0 2 
12 12 .17 91 .74 2 
10 8.50 91.79 2 
8 9.00 92.03 2 
8 8.50 92.55 2 

86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 

100 
101 
102 
103 
104 
105 
106 
107 
108 
109 
110 
111 
112 
113 
114 
115 
116 
117 
iia 
119 
120 
121 
122 
123 
124 
125 
126 
127 
128 
129 
130 

3.47 
3.25 
3-76 
3.29 
3.26 
3.77 
3. 15 
3.77 
3.75 
3.33 
3. 17 
2.57 
3.56 
3.78 
3-00 
3.00 
2.96 
2.95 
3.51 
3.59 
3.01 
3.47 
3.75 
3.57 
3.09 
3.96 
3.26 
3.73 
3.37 
3.67 
3.24 
3.56 
3. 15 
3.63 
3.62 
3.87 
3.74 
3.93 
3-41 
2-90 
3.04 
3.90 
3.52 
3.00 
4.00 

2.92 
3.47 
3.84 
3.92 
3.08 
3.16 
3.54 
3.70 
4-00 
3-68 
3. 17 
2.96 
4.00 
3.71 
3.69 
3.73 
2.96 
3.50 
3.62 
3.18 
3.31 
3.58 
3.38 
3.83 
3.29 
3.46 
3.75 
3.53 
3.95 
3.88 
3.08 
4.00 
3.70 
3.55 
4.00 
3.75 
3-94 
4-00 
3.42 
2.88 
3.82 
4.00 
3.29 
3.65 
4.00 






